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Abstract

Recursive decision trees have emerged as a leading methodology for heterogeneous causal
treatment effect estimation and inference in experimental and observational settings. These
procedures are fitted using the celebrated CART (Classification And Regression Tree) algorithm
[Breiman et al., 1984], or custom variants thereof, and hence are believed to be “adaptive” to
high-dimensional data, sparsity, or other specific features of the underlying data generating
process. Athey and Imbens [2016] proposed several “honest” causal decision tree estimators,
which have become the standard in both academia and industry. We study their estimators,
and variants thereof, and establish lower bounds on their estimation error. We demonstrate
that these popular heterogeneous treatment effect estimators cannot achieve a polynomial-in-n
convergence rate under basic conditions, where n denotes the sample size. Contrary to common
belief, honesty does not resolve these limitations and at best delivers negligible logarithmic
improvements in sample size or dimension. As a result, these commonly used estimators can
exhibit poor performance in practice, and even be inconsistent in some settings. Our theoretical

insights are empirically validated through simulations.
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1 Introduction

Athey and Imbens [2016] proposed to use recursive decision trees to estimate (and later conduct
inference about) heterogeneous causal effects in experimental and observational settings. Their
methodology is often called “honest” causal trees. Due in part to its simple, interpretable structure,
their causal inference methodology has been widely adopted in academic and industry empirical
research over the last decade. For example, to advocate for their proposal, the authors wrote that
“[i]t enables researchers to let the data discover relevant subgroups while preserving the validity of
confidence intervals constructed on treatment effects within subgroups” [Athey and Imbens, 2016,
page 7353].

Despite the widespread use of honest causal tree estimators, little is known about their theoret-
ical properties for estimation and inference. Existing results typically require very strong assump-
tions on the tree-growing process [Wager and Athey, 2018], which we show are incompatible with
canonical implementations of causal trees under basic conditions. Specifically, this paper establishes
lower bounds on the estimation error of heterogeneous treatment effect estimators based on recur-
sive adaptive partitioning. We demonstrate that such estimators cannot achieve a polynomial-in-n
convergence rate under basic conditions, where n denotes the sample size. Instead, these popu-
lar estimators can exhibit arbitrarily slow convergence rates, if not become inconsistent in some
cases. As a consequence, our theoretical insights demonstrate that honest causal tree estimators,
and variant thereof, may be inaccurate for estimating heterogeneous causal effects, and invalid for
constructing confidence intervals on treatment effects within subgroups.

Our work in the causal setting also complements the rich existing theoretical analyses of recur-
sive adaptive partitioning estimators for regression [Scornet et al., 2015, Chi et al., 2022, Klusowski
and Tian, 2024, Cattaneo et al., 2024, Mazumder and Wang, 2024] and contributes to the small but
growing body of negative results. For example, Ishwaran [2015] showed that regression trees via
CART methodology [Breiman et al., 1984] can create imbalanced cells containing a small number
of samples. Tan et al. [2022] proved that regression trees are inefficient at estimating additive struc-
ture, regardless of the way in which they are optimized. Tan et al. [2024b] proved that mixing times
for Bayesian Additive Regression Trees (BART) [Chipman et al., 2010] can increase with the train-
ing sample size. Finally, Tan et al. [2024a] established that adaptive regression trees with Boolean
covariates can require exponentially many samples in the dimension and are high-dimensional in-
consistent for learning ANOVA decompositions with certain interaction patterns.

The present paper supersedes the unpublished manuscript by Cattaneo, Klusowski, and Tian
[2022], which showed that a one-dimensional regression stump (i.e., single-split regression trees
with a single covariate) constructed via CART can suffer arbitrarily slow convergence rates, and
furthermore conjectured (but did not prove) that causal trees might (i) exhibit the same pathology
and (ii) fail to benefit from honesty. Our paper proves both conjectures, and goes further by
establishing these results for arbitrary covariate dimension and for any causal tree structure with

at least one split (i.e., allowing for an arbitrary number of splits or depth of the causal tree).



The supplemental appendix also reports analogous results for plain adaptive regression trees. As
sketched in Section 4.1, with full details given in the supplemental appendix, our method of proof
relies on new insights concerning non-asymptotic approximations for the suprema of partial sums
and various Gaussian processes, which may be of independent theoretical interest. In particular,

we correct an error in Eicker [1979].

2 Setup
The available data @ = {(y;,x; ,d;) : i = 1,2,...,n} is a random sample, where y; is an outcome
variable, x; = (z1,1,. .. ,:z17p)T is a vector of (pre-treatment) covariates, and d; is a binary treatment

indicator. Employing standard potential outcomes notation [see, e.g., Herndn and Robins, 2020,

for an introduction|, we assume that
yi = yi(L)di +y;(0)(1 — ),

where y;(1) is the potential outcome under treatment assignment (d; = 1), and y;(0) is the potential
outcome under control assignment (d; = 0). In classical experimental settings, the treatment
assignment mechanism is independent of both the potential outcomes and the covariates, that is,
(vi(0), wi(1),x]) L d.

The parameter of interest is the conditional average treatment effect (CATE) function

7(x) = E[yi(1) — 4:(0) |xs = x],

which captures average treatment effects for different values of observable (pre-treatment) covari-

ates. In experimental settings, the CATE function is identifiable because

7(x) :E[yi‘di =1, x; :x} —E[yi‘di =0, x; :x] (1)
o
=E Ve ] (2)

where the probability of treatment assignment { = P(d; = 1) is known by virtue of the known
randomization mechanism. The first equality (1) represents 7(x) as the difference of two conditional
expectation functions based on observed data, while the second equality (2) represents 7(x) as a
single conditional expectation of the “transformed” outcome yl%

Traditional semiparametric methods would replace the unknown conditional expectations by
estimators thereof to learn about heterogeneous treatment effects from experimental data. These
methods do not cope well with high-dimensional data, sparsity, or other unknown specific features
of the data generating process. Motivated by the recent success of modern (adaptive) machine
learning methods, Athey and Imbens [2016] proposed to estimate 7(x) using recursive decision

trees. While retaining the core ideas underlying the greedy recursive construction via standard



CART, their proposals customized the tree splitting criterion to the causal inference setting, and
employed sample splitting (the so-called “honesty” property) to de-couple the tree construction
from the estimation of 7(x) on the terminal nodes of the tree. This honesty modification has
been viewed as a natural “fix,” since separating model selection from estimation is believed to
reduce overfitting and improve the validity of inference. Despite this prevailing view, we show that
honesty cannot overcome the fundamental limitations of recursive partitioning for heterogeneous
causal effect estimation (or for plain adaptive regression trees), offering only at best negligible
logarithmic improvements in sample size or dimension.

We perform a comprehensive study of the estimation accuracy of nine distinct causal tree meth-
ods, which differ on how their three key underlying parts are implemented: (i) CATE estimator,

(ii) tree construction, and (iii) sample splitting.

2.1 CATE Estimator

Leveraging the identification results in (1)—(2), Athey and Imbens [2016] considered the following
two CATE estimators based on a tree T and a dataset &,. Sections 2.2 and 2.3 discuss specific

choices of T and 9., respectively. Let 1(-) be the indicator function.

Definition 1 (CATE Estimators). Suppose T is the tree used, and D, = {(y;,di,x;) : i =
1,2,...,n.}, with n, < n, is the dataset used. Let t be the unique terminal node in T containing
xeX.

e The Difference-in-Means (DIM) estimator is

1
> diyi— e) > (1—diy,

X, €t X €t

. 1
TDIM(X; T, 97) = - (t)

where ng(t) = > ;7 1(x; € t, di = d), for d = 0,1, are the “local” sample sizes. We set
Tom(x; T, D7) = 0 whenever no(t) =0 or ny(t) = 0.

e The Inverse Probability Weighting (IPW) estimator is

1 di — &
T X3 Tu 9’l’ = Yi,
O T2 = 0 2 Ei—g)
where n(t) = no(t)+ni(t) = D17, L(x; € t) is the “local” sample size. We set Trpy(x; T, D7) =

0 whenever n(t) = 0.

Both estimators, 7pm(x; T, 9;) and Tpy(x; T, D, ), rely on localization near x via the tree con-
struction: T forms a partition of the support of the covariates ', and estimation of 7(x) uses only
observations with covariates x; belonging to the cell in the partition covering x € 2. Therefore,
given a tree (or partition), both estimators can be represented as nonparametric partitioning-based
estimates of 7(x). See Gyorfi et al. [2002], Cattaneo et al. [2020], Cattaneo et al. [2025], and

references therein.



Since the estimators Tpn(x; T, D7) and Tpy(x; T, D, ) output a constant fit for all x within each

terminal node of T (or cell in the partition), we define
Tt T,2;) =7(x;T,9;), l € {DIM, IPW}, X € t,
for all terminal nodes t of T.

2.2 Tree Construction

An axis-aligned recursive decision tree is a predictive model that makes decisions by repeatedly
splitting the data into subsets based on both outcome and covariate values. At each node, the
algorithm selects the feature and threshold that best separate the data according to some criterion
(e.g., squared error, Gini impurity, or entropy), and this process continues recursively until a
stopping condition is met (e.g., maximum depth or pure terminal nodes). See Berk [2020], Zhang
and Singer [2010], and references therein.

The most popular implementation of recursive decision trees is via the CART algorithm, which
proceeds in a top-down, greedy manner through recursive binary splitting. Given a dataset 9t =
{(yi,di,x;) :i=1,2,...,n7}, with nt < n, a parent node t in the tree (i.e., a region in ) is

divided into two child nodes, t; and tg, by minimizing the sum-of-squares error (SSE),

i, min 3 (= Ay <) = Ay > )" 3)
where the solution yields estimates (BL, BR,G, 7), being the two child nodes average output, split
point and split direction, respectively. Because the splits occur along values of a single covariate,
the induced partition of the input space & is a collection of hyper-rectangles, and hence the
resulting refinement of t produces child nodes t;, = {x € t : eij <Slandtg ={xet: eij > S}
More precisely, the normal equations imply that G = %Q) > x;en, Yi and B = ﬁ > x;etg Vi the
respective sample means after splitting the parent node at eij = ¢. These child nodes become
new parent nodes at the next level of the tree construction, and can be further refined in the same
manner, and so on and so forth, until a desired depth K is reached. While not every parent node
needs to generate a new child node in a recursive tree construction, a maximal decision tree of depth
K is a particular instance where the construction is iterated K times until (i) the node contains a
single data point (y;,x; ) or (ii) all input values x; and/or all response values y; within the node
are the same.

Building on the CART algorithm, Athey and Imbens [2016] proposed the following two custom

criteria for constructing a tree T to implement their causal tree estimators.

Definition 2 (Tree Construction). Suppose Dt = {(yi,di,x;r) 21 =1,2,...,n71}, with nt < n,
1s the dataset used to comstruct the tree T. There is a unique node tg = & at initialization, and
child nodes are generated by iterative axis-aligned splitting of the parent node based on either of the

following two rules.



e Variance Mazximization: A parent node t (i.e., a terminal node partitioning X ) in a previous

tree T' is divided into two child nodes, t and tg, forming the new tree T, by mazimizing

n(t)n(tr)

n(t)

Assuming at least one split, the two final causal trees are denoted by TP™ (D) and T (D7),

2
(ﬁ(tL;T,QZT) - ﬁ(tR;T,QZT)) ; | € {DIM, IPW}. (4)

respectively.

o SSE Minimization: A parent node t (i.e., a terminal node partitioning X ) in the previous

tree T' is divided into two child nodes, ty and tg, forming the next tree T, by solving

i ; — ap — brd;)? ; — ag — bgd;)? 5
aL,bLIal;II{%RER Z (yl L t 2) + Z (yl IR R 2) ’ ( )
X; €t X;Etr
where only the data Dt is used. Assuming at least one split, the final causal tree is denoted

by TSSE (@T> .

The variance maximization splitting criterion is somewhat different than the original CART
criteria (3), since it explicitly selects splits based on maximizing the squared difference of the

child treatment effect estimates. For the IPW estimator, this rule is equivalent to applying the
di —§
"
(1 -¢)

Elg; | x; = x] = 7(x) for all x € &, and thus CART operates on an outcome whose conditional

CART criterion in (3) to the transformed outcome g; = . This transformation satisfies

mean equals the CATE. The DIM estimator follows the same idea of predicting the within-node
average treatment effect, but it constructs these predictions somewhat differently.

The SSE Minimization criterion resembles the original CART criteria (3), but its formulation
still targets treatment effect heterogeneity as the splitting criteria: in Section SA-3.3 of the sup-
plemental appendix we show that the objective function (5) can be recast as maximization of the

sum of variances of treatment and control group outcomes given by

nl(tL)nl(tR) 1 1 2
ni(t) (nl(tL) > diy"_nl(tR) > diyi)

11X EtL 11X Etg

no(t)no(tr) 1 1 2
4 Mo no(t(; (no(tL) S -diyi - ey Y —di)yi> ,

X EtL 1:X; €t

Each of the causal recursive tree constructions leads to a distinct data-driven partition of .
A key observation in this paper is that they do not generate quasi-uniform partitions, and thus
known results in the nonparametric partitioning-based estimation literature [Gyorfi et al., 2002,
Cattaneo et al., 2020, 2025] are not applicable. The supplemental appendix considers other recursive

partitioning constructions, including the standard CART algorithm and variants thereof.



2.3 Sample Splitting

The final ingredient of the causal tree estimators concerns the data used at each stage of their
construction. It is believed that de-coupling the CATE estimation (Definition 1) from the tree
implementation (Definition 2) can lead to better performance of the final estimator. In practice,
this approach corresponds to sample splitting, and Athey and Imbens [2016] and others referred
to it as “honesty.” To avoid confusion, we emphasize that procedures without sample splitting are
not “dishonest” in any formal sense; they are simply harder to analyze formally.

To elucidate the relative merits of sample splitting, we consider two distinct scenarios: (i) no
sample splitting, where the same data is used throughout (as the original CART procedure is often
implemented); and (ii) honesty, where two independent datasets are used, one for tree construction
and the other for CATE estimation (these are the procedures proposed by Athey and Imbens [2016]
and many others). Formally, we consider the following data usages and resulting treatment effect

estimators.

Definition 3 (Sample Splitting and Estimators). Recall Definition 1 and Definition 2, and that
D= {(yijxg—, di):i=1,2,...,n} is the available random sample.

e No Sample Splitting (NSS): The dataset D is used for both the tree construction and the

treatment effect estimation, that is, D17 = D and D, = D. The causal tree estimators are

Foog (x) = Fomu(x; T"™(92), 2),
Piog () = Freu(x; T™Y(2), D),  and
asr (x) = Fom(x; TSH(D), D).

>

e Honesty (HON): The dataset D is divided in two independent datasets Dt and D, with sample

sizes nt and n,, respectively, and satisfying n < nt,ns S n. The causal tree estimators are

~

Fomw (X) = Fom(x; T (D7), 27),
Fiow (%) = 7w (; T(D7), D7), and

0 (x) = Fom(x; TSH(Dr), D).

The no-sample-splitting and honesty data usages are commonly encountered in the literature,
and thus our results will speak directly to theoretical, methodological and empirical work relying
on these sample splitting designs. While the estimators 7,°°(x) and 7#%(x), [ € {DIM, IPW, SSE},
depend on the depth of the tree construction used, our notation does not make this dependence
explicit because our results apply whenever at least one split takes place. See Section 5 for more

discussion, and a setting where the number of splits is assumed to increase with the sample size.



3 Assumptions

We impose the following assumption throughout the paper.

Assumption 1 (Data Generating Process). @ = {(y;,d;,x; ) : 1 <14 < n} is a random sample,
where y; = diyi(1) + (1 — di)yi(0), x; = (zi1,... ,xi,p)T, and the following conditions hold for all
d=0,1andi=1,2,...,n.

(i) (yi(0),y:(1),%x;) L d;, and € =P(d; = 1) € (0,1).
(ii) yi(d) = pa(x:) + €i(d), with E[e;(d)|x;] =0 and x; L €;(d).
(iil) pa(x) =cq for all x € X, where cq is some constant and X is the support of x;.
(iv) @in,...,zip are independent and continuously distributed.
(v) There exists a > 0 such that E[exp(Ae;(d))] < oo for all || < 1/a and E[g2(d)] > 0.

Assumption 1(i) corresponds to simple randomized experiments. Assumption 1(ii) further as-
sumes a canonical homoskedastic causal regression model, while Assumption 1(iii) implies that
there is no heterogeneity in the causal treatment effect 7 = ¢; — ¢y. Because trees are invariant
with respect to monotone transformations of the coordinates of x;, without loss of generality, As-
sumption 1(iv) can be replaced by the assumption that covariates are uniformly distributed on
X =[0,1]7, ie., B Uniform([0, 1]) for j = 1,2,...,p. Finally, Assumption 1(v) means that
potential outcome errors are sub-exponential, or equivalently, they satisfy a Bernstein moment
condition.

Since we are interested in establishing lower bounds on the estimation accuracy of the causal
tree estimators in Definition 3, it is sufficient to consider the constant treatment effect model
in Assumption 1 for several reasons. First, this statistical model is a canonical member of any
interesting class of data generating processes because the constant function belongs to all classical
smoothness function classes, as well as to the set of functions with bounded total variation. It
follows that our results will shed light in settings where uniformity over any of the aforementioned
classes of functions is of interest: our lower bounds can be applied directly in those cases because

for any estimator 7(x) of the parameter 7(x),

sup IP( sup |7(x) — 7(x)| > e) > Py < sup |7(x) — 7(x)| > e),
Per xeX xXeEX
for all € > 0, and for any data generating class & that includes the distribution P; satisfying
Assumption 1. In fact, the constant treatment effect model is a canonical case to consider in causal
inference.

Second, Assumption 1 also removes issues related to smoothing (or misspecification) bias, het-

eroskedasticity, and heavy tail distributions. In particular, since the CATE function 7(x) is constant



for all x € &, our results will not be driven by standard (boundary or other smoothing) bias in

nonparametrics. For example, if the distributions of £;(0) and ¢;(1) are symmetric about zero,
E[#(x)] =, q € {NSS}, and E[#™(x)] = 7 — 7P(n(t) = 0),

for [ € {DIM, IPW,SSE} and x € t where t is a terminal node in the tree. Unbiasedness of 7% (x)
follows from the fact that the split points are symmetric functions of the residuals. In the case
of 7/%(x), sample splitting can generate empty cells with positive probability, which is captured
by the term 7P(n(t) = 0); see Lemma SA-37 in the supplemental appendix. It follows that, in

particular, 7% (x) is unbiased when 7 = 0 (or for any other known treatment effect value), as

well as in tree constructions ensuring that P(n(t) = 0) = 0; otherwise, 7/°%(x) is asymptotically
unbiased whenever P(n(t) = 0) — 0 as n — oo. Our results will be driven by the fact that
canonical adaptive decision tree constructions can generate small cells containing only a handful of
observations, thereby making the estimator highly inaccurate in some regions of &, regardless of
bias. In other words, inconsistency is due to a large variance problem, not a large bias problem.
Third, the local constant treatment effect model could also be interpreted as a first-order ap-
proximation of the smooth function 7(x). Because the recursive partitioning schemes lead to a
partitioning-based estimator of the CATE function, it follows that 7(x) is approximated locally
by a Haar basis (piecewise constant functions). In fact, our results can be extended to hold uni-
formly over appropriate shrinking neighborhoods of smooth functions local to the constant function,

provided that the signal to noise ratio (bias-variance trade-off) is small.

4 Main Results

The following theorem summarizes our first main result. Let e denote Euler’s constant.

Theorem 1 (Uniform Accuracy). Suppose Assumption 1 holds, and the underlying causal tree has
at least one split (i.e., at least two terminal nodes). Then, for | € {DIM, IPW,SSE} and allb € (0,1),

111111an< sup ‘ IS8 (x) — T(X)’ > C1n~2\/log logn) > b/e,

n—oo

where the positive constant C1 only depends on the distribution of (g,(0),e;(1),d;), and

lim mf]P’( sup ‘THDN X) — T(X)} > an_b/2> > Csb,
n=—roo xeXL

where the positive constants Cy and C3 only depend on the distribution of (£;(0),e:(1),d;), and

the sample splitting scheme via liminf,,_, Z—I and lim sup,,_, . ZT. The precise definitions of the

constants are given in the supplemental appendix.

Section 4.1 gives an overview of the proof strategy of Theorem 1, with all omitted technical

details given in the supplemental appendix (see Section SA-1.2 for details). Our proof relies on



several non-asymptotic approximation steps for the suprema of partial sums and various Gaussian
processes leveraging key technical results from Chernozhukov et al. [2017], Chernozhuokov et al.
[2022], Csorgo and Révész [1981], Csorgo and Horvath [1997], Eicker [1979], El-Yaniv and Pechyony
[2009], Going-Jaeschke and Yor [2003], Horvath [1993], Latala and Matlak [2017], Petrov [2007],
Shorack and Smythe [1976], and Skorski [2023]. As a technical by-product, we correct a mistake in
Eicker [1979]: see Remark SA-1 in the supplemental appendix.

Theorem 1 presents precise lower bounds on the uniform convergence rate of the six causal tree
estimators introduced in Section 2. Starting with procedures that do not employ sample splitting,
Theorem 1 demonstrates that the three estimators 7hes(x), 7iss(x) and 7355(x) cannot achieve
a uniform convergence rate of n=%2,/loglogn, for any b > 0. That is, they must have a worse
than polynomial-in-n uniform convergence rate, and thus suffer from low accuracy in estimating
heterogeneous treatment effects in certain regions of the support .

Athey and Imbens [2016], and many others, argue that sample splitting (the so-called “honesty”
property) can improve the performance of machine learning estimators, and in particular their pro-
posed causal tree estimators, because such sample usage de-couples the causal tree construction and
the CATE estimation steps. The second result in Theorem 1 considers exactly their honest causal
tree estimators, 708 (x), 7HN(x) and 78 (x). It follows from the theorem that these estimators
cannot achieve a uniform convergence rate that is polynomial-in-n either. Notably, our results show
that sample splitting (or honesty) improves the best achievable uniform convergence rate of the
estimators, but this improvement is quite modest: the penalty term y/loglogn is removed, thereby
improving the uniform convergence rate by a very slow factor.

The results in Theorem 1 offer a pessimistic outlook on the utility of adaptive decision tree
methods in causal inference when the goal is to learn about heterogeneous treatment effects: the
estimators cannot perform well pointwise (and hence uniformly) over the entire support of the
covariates; see Section 4.1 for more formal details. As a point of contrast, the same procedures

considered in Theorem 1 can achieve near-optimal convergence rates “on average” over I, as the

following theorem establishes. Here again, honesty delivers only negligible improvements of order
log(p).

Theorem 2 (Mean Square Accuracy). Suppose Assumption 1 holds and the underlying causal tree
has depth at most K > 1, and let Fx(x) = P(x; < x). Then, for | € {DIM, IPW, SSE},

E[/%

where the constant Cy only depends on the distribution of (€;(0),e:(1),d;), and

IE[/S[

provided that p < nt/n; <1 — p for some p € (0,1), and the constant Cy only depends on p and
the distribution of (£;(0),e;(1),d;).

K (6} 4 n)log(n
leSS(X) —T(X)Ede(X)} < 012 1 g (n)l g( p)7

K o 5 n
() — () rx (0)] < €212,

10



The proof of this theorem is given in the supplemental appendix (see Section SA-1.2 for details).
It leverages ideas and technical results from Gyorfi et al. [2002] and Klusowski and Tian [2024].
Crucially, the result applies only when Assumption 1 holds, that is, when 7(x) is constant. The main
purpose of Theorem 2 is to demonstrate that in the same basic setting when uniform convergence
fails, causal decision trees nonetheless achieve favorable performance on average in an integrated
mean-squared sense. A natural way to interpret the juxtaposition between Theorem 1 and Theorem
2 is related to the often claimed tension between causal inference and prediction in machine learning
settings: adaptive causal trees can perform poorly pointwise (hence uniformly), but excellently on
average, over the feature space.

From a technical perspective, the results in Theorem 2 are new in the context of causal tree
estimation and, notably, for the formal comparison between no-sample-splitting and honest im-
plementations. Furthermore, our theoretical work in the supplemental appendix establishes the
integrated mean-squared error bounds with high-probability, enabling a sharper comparison with

Theorem 1. For example, for the case of no-sample-splitting, we show that

lim sup P ( /
n—00 x

where (7 is the constant in Theorem 2.

4
98 = 7(x) PP () > €, o8]y g

4.1 Proof Strategy of Theorem 1

Underlying our theoretical insights are a collection of technical results concerning a decision stump,
and hence a decision tree of depth one. For each tree splitting criteria and sample splitting design,
we first study the probabilistic properties of the split location at the root node, and thus characterize
the regions of the support & where the first split index is most likely to realize. These theoretical
results also characterize the effective sample size of the resulting child nodes. We establish that with
non-vanishing probability, the first split will concentrate near a region of the boundary of the parent
node (a cell in the partition of '), from the beginning of any tree construction. More precisely,
let i = n(ty) and j be the CART split index and split variable at the root node, respectively,
with [ € {DIM, IPW,SSE}, noticing that the first split coincide for no-sample-splitting and honest
constructions. For each a,b € (0,1) with a < b and j € {1,2,...,p}, and | € {DIM, IPW,SSE}, we

have

b—a
2pe

liminfP(n® <i<n’, j=j) =liminfP(n—n’<i<n-—n" j=j)>

n—oo n—oo

(6)

The slow uniform convergence rate of a decision stump estimator occurs because the optimal
split point concentrates near the boundary of the support, causing the two nodes in the stump to
be imbalanced, with one containing a much smaller number of samples, and therefore rendering a
situation where local averaging is less accurate. This can be deduced from (6): for each coordinate
j=1,2,....,pand b € (0, 1), there is non-vanishing b/(pe) probability that the child cells {x € X :

11



z; < ¢} or {x € X : x; > ¢} are highly anisotropic and will contain at most n® samples. Thus,
with non-vanishing probability, the causal tree procedures will exhibit arbitrarily slow convergence
rate in a region of X'. These results are then carefully recycled to characterize the properties of the
deeper trees: due to their recursive nature, and since p > 1, the problematic regions take the form
of many hyper-rectangles, and will realize anywhere in &', with non-vanishing probability.

The core of proof strategy is to study the tree construction as the maximizer of the split
criterion from (4) and (5), as indexed by the optimal split location and covariate coordinate. We
leverage non-asymptotic high-dimensional central limit theorems, Gaussian comparison inequalities,
Gaussian process embeddings, the Darling-Erdos theorem, and empirical process techniques [El-
Yaniv and Pechyony, 2009, Petrov, 2007, Shorack and Smythe, 1976, Skorski, 2023], as explained
in the following four main steps.

Step 1: Split Criterion Approzimation. Using empirical process theory techniques, we establish
an asymptotic equivalence between the split criterion underlying each of the causal tree estimators
and the split criterion of a standard (non-causal) decision regression tree employing CART. For
[ = DIM and [ = IPW, the latter can be viewed as a standard regression tree with transformed
outcomes ylf‘(ii%g) For | = SSE, approximating process is the sum of two independent split criterion
processes, one with transformed outcome %yi for treated units, and the other with transformed
1{_% y; for control units. We employ a careful truncation argument to remove extremely
small or large split indices [Csorgd and Horvath, 1997, Theorem A.4.1], where empirical process

outcome

techniques are hard to apply.

Step 2: Conditional Gaussian Approximation. We show that, conditional on the covariates
ordering, the square root of the split criterion processes from step 1 can be approximated by
Gaussian processes with the same conditional covariance structure. For [ = DIM and [ = IPW, we
view the split criterion process as a summation of i.i.d. high-dimensional random vectors, each
entry corresponding to one pair of split index and coordinate. The high-dimensional central limit
theorem of [Chernozhukov et al., 2017, Theorem 2.1] implies that the split criterion process in
high-dimensional vector form is close to a high-dimensional Gaussian random vector with the same
covariance matrix conditional the ordering, the latter can then be interpreted as a Gaussian process
conditional on the ordering. Due to the structure of the splitting criteria, a high-dimensional CLT
for hyper-rectangles is sufficient. For [ = SSE, we stack the control and treatment groups process in
a twice as long high-dimensional vector. However, due to the structure the splitting criteria in this
case, we employ instead Chernozhukov et al. [2017, Proposition 3.1], which gives a high-dimensional
CLT for convex sets.

Step 8: Unconditional Gaussian Approrimation. For the special case of p = 1, this step is
not necessary because there is only one ordering possible. However, for p > 1, recursive decision
trees find the best split along each dimension of x;, which implies a different ordering of the
vector. Nevertheless, we show that the conditional Gaussian process from step 2 is close to an
unconditional Gaussian process with zero correlation for different split coordinate indexes. Zero

correlation between splits of different coordinates implies that the (sub)-processes corresponding to
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splitting different coordinates are asymptotically independent, reducing the problem to studying the
arg max of the split criterion over one coordinate. The result is proven by applying a Gaussian-to-
Gaussian comparison inequality [Chernozhuokov et al., 2022, Proposition 2.1], after establishing an
upper bound on the matrix max norm of the difference between the conditional covariance matrix
(which depends on the ordering) and the unconditional covariance matrix (which does not depend
on the ordering). For [ = DIM and [ = IPW, the results is immediate because the high-dimensional
CLT was established over hyper-rectangles. For [ = SSE, the additional error induced by considering
a simple convex sets approximation is be controlled using Nazarov’s inequality [Nazarov, 2003].

Step 4: Lower bound on imbalanced split probability. The unconditional Gaussian approximation
processes from Step 3 take the form of the square Euclidean norm of a univariate (for | € {DIM, IPW})
or bivariate (for [ = SSE) Ornstein-Uhlenbeck process, where the split and time of Ornstein-
Uhlenbeck process satisfies a one-to-one transformation [Csorgd and Révész, 1981, Going-Jaeschke
and Yor, 2003]. Since Darling-Erdos [Eicker, 1979, Horvéath, 1993] allows for calculation of the
maximum of norm of an O-U process within any time interval, we can find the lower bound on the
probability of split occurs with a small or large index from (6) with the help of Gaussian correlation
inequality [Latala and Matlak, 2017, Remark 3 (i)]. In turn, this characterizes precisely the effective
sample sizes of each child node.

The remaining of our proofs leverage the technical insights above, applying then recursively
to understand deeper tree constructions and the concentration in probability properties of the

resulting CATE estimates.

5 X-Adaptivity and Inconsistency

The estimators considered in Theorem 1 either employ the full sample in their entire construction,
or they rely on a two-sample independent split (honesty), where one subsample is use for training
the tree, and the other is used for estimation of the conditional average treatment effects. As
discussed in Devroye et al. [2013], and references therein, X-adaptivity offers a middle ground
between the two sample usage designs considered in Definition 2: the tree construction and the
final estimation step share the same covariates but each step employs different outcomes variables,
that is, the two subsamples are independence conditional on the covariates.

We leverage the idea of X-Adaptivity, and study causal tree estimators where the outcome
variable and treatment indicator are independent across all levels of the tree construction and the
final CATE estimation step, but the same covariates are used throughout. This X-adaptive data
design is of theoretical interest because it offers a bridge between no-sample-splitting and honesty.

The following definition formalizes the construction of the X-adaptive causal tree estimators.

Definition 4 (X-Adaptive Estimation). Recall Definition 1 and Definition 2, and that 9 =

{(yi,x; ,d;) :i=1,2,...,n} is the available random sample.

1. The dataset D is divided into K + 1 datasets (Dt,,...,DT1,,D;), with sample sizes given

by (n1y,...,nT.,Nr), respectively, and satisfying nt, = --- = nt,, = n, (possibly after
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dropping n mod K data points at random). For each of the datasets D; = {(y;,di,x; ) :
i=1,...,n7,}, j = 1,...,K, replace {(yi,d;) : i = 1,...,n7,} with independent copies
{(@i,di) =i =1,...,n7,}, while keeping the same {x; :i=1,...,n1,}.

2. The maximal decision tree of depth K, TlK(QZTl, <, D1, ), is obtained by iterating K times
the I € {DIM, IPW,SSE} splitting procedures in Definition 2, each time splitting all terminal
nodes until (i) the node contains a single data point (y;,d;,x; ), or (ii) the input values x;

and/or all (d;,y;) within the node are the same.

3. The X-adaptive estimators are

7A—lgi‘II"I(X; K) = 7A-DIM(X; T%M(QTU v 791—1{)7 97.)7
%fpw(x; K) = T1pu(x; T}?W(SZTU s D7), D7), and

7A.§SE(X; K) = tpm(x; T:;(SE(QZTU s D7), Dr).

As in the previous cases, if the distributions of €;(0) and ¢;(1) are symmetric about zero, then
the X-adaptive estimators are unbiased: E[7}(x; K)] = 7, for | € {DIM, IPW,SSE}.

Theorem 3 (Accuracy of X-Adaptive Causal Tree Estimators). Suppose Assumption 1 holds and
additionally that E[e2(0)] = E[e?(1)]. Then, for | € {DIM, IPW, SSE},

)

liminfﬂ”( sup ’%lx(x; K,)— T(X)‘ > Cl) > Oy,
n—oo xXeX
provided that liminf,, . logﬂ(ﬁ =k > 0, and where the positive constants C1 and Cy only depend
on the distribution of (£,(0),e;(1),d;) and k.

Furthermore, for | € {DIM, IPW,SSE} and any K > 1,

B [ (e 50 - 0 0] < 6612

n
where the positive constant Cs only depends on the distribution of (¢;(0),g;(1),d;).

The theorem establishes uniform inconsistency of the X-adaptive causal tree estimator so long
as K, 2 loglogn. To put this side rate restriction in perspective, if n/K, ~ 1 billion then
loglog(10%) ~ 3. Therefore, the inconsistency of the estimator will manifest as soon as K, ~ 3,
a shallow tree when compared to those commonly encountered in practice (even in settings with
much more moderate sample sizes, that is, with n much smaller than K, billions). This result also
shows that the integrated mean square error (IMSE) of a uniformly inconsistent & -adaptive causal
tree estimator can nonetheless decay at the optimal y/n rate, up to a poly-logarithmic-n factor. As
demonstrated before, the performance of the causal tree estimators can vary widely depending on

whether the input x is average or worst case.
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6 Discussion

6.1 Decision Stumps

The phenomenon of generating unbalanced cells in adaptive recursive partitioning schemes has
been observed in various forms since the inception of CART. Historically, this phenomenon has
been called the end-cut preference, where splits along noisy directions tend to concentrate along
the boundary of the parent node. More specifically, considering the standard CART for regression
estimation without sample splitting, Breiman et al. [1984, Theorem 11.1] and Ishwaran [2015,
Theorem 4] showed that in one-dimension (p = 1), for each § € (0,1), P(n(tL) < on or n(tg) >
(1 =9)n) — 1 as n — oo. If applicable to the context of this paper, their result would only
imply rates in uniform norm slower than any constant multiple of the already nearly optimal rate
n/loglog(n), i.e., for any C' > 0,

liminf]P’( sup ’%ZNSS(QJ) —7(z)| > Canfl/Zw) =1

n—00 T€X
In contrast, our results hold for all p > 1 and characterize precisely the regions of the support &
where the pointwise rates of estimation are slower than any polynomial-in-n (see Corollary SA-7,
Theorem SA-14, Corollary SA-21 in the supplemental appendix). Thus, past theoretical work is
not strong enough to illustrate the weaknesses of causal trees for pointwise estimation (i.e., prior
lower bounds in the literature would be too loose to be informative). Furthermore, our results
also study settings where sample splitting (honesty) is used, and demonstrate that they cannot
mitigate the low convergence rate of adaptive causal trees under Assumption 1. Last but not least,
our results apply to the causal tree constructions which are different (and more complicated) than

those in plain vanilla CART regression (Definition 2).

6.2 Deeper Trees, Multivariate Covariates, and the Location of Small Cells

Our theoretical results show that, under Assumption 1, the first split of any decision tree con-
struction will generate a small child cell with non-vanishing probability. As a result, and due to
their recursive nature, deeper tree constructions will have multiple regions with too small sam-
ple sizes (with non-vanishing probability). This problem is exacerbated in multiple dimensions
(p > 1), which is exactly the setting where causal tree estimators would be potentially more useful
to uncover treatment effect heterogeneity.

The small regions of the support &, and hence the slower than any polynomial-in-n convergence
rate (or inconsistency) of causal tree estimators, need not occur near a region of the boundary of 2.
At each stage in the tree construction, a parent node t will generate two child nodes, one small and
the other large, but the splitting may realize anywhere on t (parent cell) and along any individual
covariate (in x;, or axis), thereby generating problematic hyper-rectangle cells all over the support

Z with non-vanishing probability.
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6.3 Regularization and Bias

It is tempting to try to regularize the decision tree estimator in order to eliminate the small cell
problem, and thus improve its convergence rate. For instance, the tree construction algorithm
may not split a parent node if the effective sample size is to small, or it may include a penalty
term for overfitting. However, it is also important to note that adaptive decision tree constructions
purposely select small cells for two opposing reasons: misspecification bias vs. low signal-to-noise
ratio. More precisely, on the one hand, if the unknown conditional expectation function exhibits
high curvature (bias) in a certain region of 2, then the tree construction will tend to generate a
small child cell (node) in that region to reduce misspecification bias, which is precisely a celebrated
feature of an “adaptive” procedure. On the other hand, as shown in this paper, small cells also
emerge with non-vanishing probability when there is no misspecification bias in that region, that is,
when the unknown conditional expectation function is locally constant. In practice, it is impossible
to distinguish between the two equality possible scenarios.

Our theoretcal results purposely remove misspecification bias by considering data generating
processes with constant conditional expectation functions. In real application settings, however,
the conditional expectation functions may exhibit heterogeneity (even if locally constant), in which
case regularization to remove small cells may led to large bias in the causal decision tree estimators,

also affecting their convergence rate.

6.4 oa-Regularity and Causal Random Forests

Under specific assumptions, Wager and Athey [2018] and others established polynomial-in-n con-
vergence rates for honest causal trees and forests. The slow convergence rates establish in Theorem
1 do not contradict, but are rather precluded by existing polynomial-in-n convergence guarantees in
the literature because they assume that each split generates two child nodes that contain a constant
fraction of the number of observations in the parent node, i.e., n(ty) 2 n(t) and n(tg) = n(t). The
key assumption is often called a-regularity, because it assumes that the tree construction generates
an a > 0 proportion of the data in each terminal node (cell).

Our theoretical results imply that assumptions such as a-regularity, or variants thereof, which
require balanced cells almost surely, are incompatible with standard decision tree constructions
employing causal trees [Athey and Imbens, 2016] or any other conventional CART methodology
[e.g., Behr et al., 2022, and references therein|. By implication, results for causal random forests
relying on a-regularity, or variants thereof, do not apply to standard recursive partitioning using
CART-type algorithms. Some form of (algorithmic and/or statistical) regularization is needed,
thereby introducing a bias in the estimation as well as additional tuning parameters that would

need to chosen in practice.
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6.5 Decision Tree Regression

The supplemental appendix also studies standard adaptive decision tree regression via CART for
nonparametric estimation of the conditional expectation of an output given a collection of features.
Section SA-2 in the supplemental appendix establishes an analogue of Theorem 1, demonstrating
that adaptive decision tree regression exhibits slow convergence rate or inconsistency, as causal
trees do, depending on the sample splitting design used.

Our results are connected to Bithlmann and Yu [2002] and Banerjee and McKeague [2007], and
subsequent work in the statistical literature. They study large sample properties of the decision
stump without sample splitting with a univariate covariate (p = 1 and K = 1), and show that
the minimizers (BL, fa, ¢) in (3) at the root node converge to well-defined population minimizers
(6f, By, s*) at a cube-root rate n'/3 when the population minimizers are unique and the population
conditional expectation function is continuously differentiable and has nonzero derivative at ¢*,
among other technical conditions. Thus, our results show that the conclusion in Biihlmann and
Yu [2002] and Banerjee and McKeague [2007] are not uniformly valid over the class of conditional
expectation functions: the exclusion of the constant regression function from the allowed class of

data generating processes is necessary for their results to hold for all values of the scalar covariate.

6.6 Invalidity of Inference Methods

Theorem 1 establishes lower bounds on the uniform convergence rate of causal decision tree estima-
tors. The main technical observation is that these estimation procedures will generate a partition
of & with highly unbalanced cells, where potentially many cells will have a very small number of
samples. These results are established under Assumption 1, which does not assume a parametric
family of distributions on the data, but rather only independence and moment conditions.

From an inference perspective, our results also show that a valid (Gaussian or otherwise) dis-
tributional approximation for the causal decision tree estimators, after perhaps properly centering
and scaling, does not hold in general. The main obstacle is that the effective sample size may
not even increase for the approximation to apply in many regions of 2. In particular, standard
inference methods, such as the usual confidence intervals of the form 7(x) + z, - Sd.Err.(7/(x))
with z, denoting the usual quantile of the standad Gaussian distribution, Sd.Err.() a standard error
estimator, and ¢ € {NSS,HON, X}, will not deliver asymptotically valid inference for the parameter

of interest 7(x).

7 Simulations

We illustrate the implications of Theorem 1 in the univariate case p = 1. Figure 1 reports the
pointwise root mean squared error RMSE(z) = {E[(7(z) — 7')2]}1/2, for ¢ € {DIM, IPW,SSE}
and g € {NSS,HON, X}, estimated from 2,000 Monte Carlo replications under 7 = pg = 3 = 0,
€i(0),gi(1) R N(0,1), X; ~ Uniform[0,1], and n = 1,000. For each of the nine causal-tree

estimators, we consider depths K € {1,...,5}, where curves are color-coded by K.
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Figure 1: Plots of root mean-squared error (RMSE) of heterogeneous treatment effect estimation
using nine distinct causal tree methods with depth K = 1,2,--- 5. We chose p = 1, and the
univariate covariate X is supported on [0,1]. For all methods and depths, the causal tree has
smallest pointwise RMSE near the center of the covariate space, but the performance degrades
as the evaluation points move closer to the boundary. The experiment is conducted with 2,000
Monte-Carlo simulations.

Two patterns emerge across all nine methods: (i) For any fixed K, the pointwise RMSE is
smallest near the center of the covariate space and increases as x approaches the boundary; (ii) For
any fixed x € [0, 1], the RMSE increases with tree depth K. The first pattern is due to the small
cells near boundary predicted by (6), rendering a situation where local averaging is less accurate.
The second is consistent with the X-results of Theorem 1 and, heuristically, extends to NSS and HON:
at higher depths, a larger fraction of evaluation points lie near terminal node boundaries, where
the same boundary effects that govern decision stumps degrade performance, leading to increased

RMSE even for interior points.
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SA-1 Overview

This supplement presents proofs for the results in the main paper, and several additional theoretical results.
We start with a homoskedastic constant regression model in Section SA-2, showing that the standard CART
decision tree estimator of the (constant) conditional mean suffers from slow uniform convergence rates.
In Section SA-3, we then study the more challenging heterogeneous causal effect estimators discussed in
the main paper: inverse probability weighting (IPW) estimator, the difference in mean (DIM) estimator,
and the sum-of-square-minimization (SSE) estimator are considered in Sections SA-3.1, SA-3.2 and SA-3.3,

respectively. Section SA-1.2 links the results in this supplemental appendix to those presented in the main

paper.

SA-1.1 Notations

Sets. R is the set of real numbers and N the positive integers. For n € N we write [n] = {1,...,n}.

Vectors and matrices. Boldface lower-case letters (e.g. x) denote column vectors, and boldface upper-case
letters (e.g. A) denote matrices. For a vector x, its i-th component is x;; for a matrix A, its (i, j)-th entry

is A;j. Denote by e; the j-th unit vector.

Norms. For x € R? define x| = (Zle )2 and ||x||e = max;<q|z;|. For a matrix A € R™*",
the operator norm is [|Al| = supjy=1|[Ax||, and the max norm is ||Allmax = maxi<i<m,1<j<n [Aij]. For a
bounded measurable function g, ||g|lcc = sup,, |g(z)|. For a random variable X with distribution Py, denote
the population Ly norm by ||X|| = ([||lz]|?dPx(z))'/?; and given a random sample & = {X1,---,X,},
denote the empirical Ly norm by || X||g = (n=2 300, || X3]12)Y/2.

lan| _

Asymptotics. For reals sequences a,, < by, (or a, = o(b,)) if limsup,,_, =0 lan| < |byp| (or an, =

O(by,)) if there exists some constant C' and N > 0 such that n > N implies |a,| < C|b,|. For sequences of

lan| _

random variables a,, = op(by,) if plim,,_, o =

0,]an| Sp |bnl if limsupy, ., limsup,, ,  P[|3=] > M] = 0.
Other. 1(-) denotes the indicator function. For two random variables X and ¥, X 1 Y means X and Y
are independent. For z € R, |z] and [z] denote the floor and ceiling of x respectively. N(u, X) denotes the
Gaussian distribution with mean g and covariance matrix 3. Beta(a, 8) denotes the Beta distribution with

parameter (o, 8). A stochastic process {B(t),0 < ¢ < 1} is a Brownian bridge, if B is a continuous Gaussian
process with E[B(t)] = 0, and E[B(t)B(s)] = min{¢, s} — ts.

SA-1.2 Proof of Main Paper Results

e Proof of Theorem 1: The conclusions follow from Corollary SA-11, Corollary SA-13, Theorem SA-21,
Theorem SA-23, Corollary SA-31, and Corollary SA-33.

e Proof of Theorem 2: The conclusions follow from Corollary SA-12, Corollary SA-14, Theorem SA-22,
Theorem SA-24, Corollary SA-32, and Corollary SA-34.

e Proof of Theorem 3: The conclusions follow from Corollary SA-15, Corollary SA-16, Theorem SA-25,
Theorem SA-26, Corollary SA-35, and Corollary SA-36.



SA-2 Constant Regression Model

This section is self-contained, and substantially improves on the results reported in Cattaneo et al. [2022].
The results presented herein are of independent interest in regression estimation settings, and they also offer
a gentle introduction to the more technically involved results discussed in Section SA-3.
Consider the canonical regression model where the observed data {(y;,x}) :i = 1,2,...n} is a random
sample satisfying
¥ = p(x;) + &, Ele; | x;] =0, E[ef \ xi] = o?(xy), (SA-1)

with x; = (41, sz, . - - ,xip)T a vector of p covariates taking values on some support set .
Assumption SA-1 (Location Regression Model). @ = {(y;,x}) : 1 < i < n} is a random sample such
that the following conditions hold for all i = 1,2,--- | n, satisfying Equation (SA-1) and the following:

1. y; = p(x;) + &4, with Ele;|x;] =0 and x; L &;.
2. u(x) =c for allx € X CRP, where ¢ is some constant.
3. Xia,...,Tip are independent and continuously distributed.

4. There exists a > 0 such that Elexp()\e;)] < oo for all |\| < 1/a and 0 = E[e?] > 0.

(2

In what follows, we denote by Px the marginal distribution of x;.

Now we illustrate the CART estimation strategy. Given any tree T, the CART estimator is given as
follows:
Definition SA-1 (CART Estimate). Suppose T is the tree used, and D, = {(yi,x; ) 14 = 1,2,...,n,},
with n, < n, is the dataset used. Let t be the unique terminal node in T containing x € X. The CART

estimator 1S

A6 T, D) = % S

1:X; €t

where n(t) = Y1 L(x; € t) is the “local” sample sizes. In case n(t) = 0, take i(x; T,D,) = 0.
Definition SA-2 (Tree Construction). Given a dataset Dt = {(y;,x; ) :i=1,2,...,n71}, withnt < n, a
parent node t in the tree (i.e., a region in ) is divided into two child nodes, t. and tg, by minimizing the

sum-of-squares error (SSE),

2
i in 57 (g — Bull(wy < <) — fall(ay A-2
1I§nj12p6urll3}al,?eﬂkx‘€t (v = Bull(zy < ¢) = Pall(wij > <)), (SA-2)

where (BL, Br,s,J) denote the two child nodes outputs, split point, and split direction, respectively. With at
least one split, the final CART tree is denoted by T(Dr).
Definition SA-3 (Sample Splitting). Recall Definition SA-1 and Definition SA-2, and that D = {(y;,x, ) :

i=1,2,...,n} is the available random sample.

e No Sample Splitting (NSS): The dataset D is used for both the tree construction and the treatment
effect estimation, that is, D1 = D and D, = D. The CART tree estimator is

i (%) = (% T(2), D).



e Honesty (HON): The dataset D is divided in two independent datasets Dt and D, with sample sizes

nt and n,, respectively, and satisfying n S nt,n, Sn. The CART tree estimator is
[ (x) = f1(x; T(D7), D).

Definition SA-4 (X-Adaptive Estimation). Recall Definition SA-1 and Definition SA-2, and that @ =

{(yi,x}) :i=1,2,...,n} is the available random sample.

1. The dataset D is divided into K +1 datasets (Dr,,..., D1y, Dy), with sample sizes (n1,, ..., N7, Np),
respectively, and satisfying nt, = --- = nr, = n, (possibly after dropping n mod K data points at
random). For each of the datasets D, = {(yi,x]) 1i = L...,nt,}, j=1,..., K, replace {y; : i =

1,...,nT,} with independent copies {g; : i = 1,...,nT,}, while keeping the same {x; :i=1,...,n1,}.

2. The mazimal decision tree of depth K, T (D1, -, Dty ), is obtained by iterating K times the | €
{DIM, IPW, SSE} splitting procedures in Definition SA-2, each time splitting all terminal nodes until (i)
the node contains a single data point (y;,x; ), or (i) the input values x; and/or all y; within the node

are the same.

3. The X-adaptive estimator is

(6 K) = (6 T (D1, D), D).

SA-2.1 No Sample Splitting

We start from the no sample splitting (NSS) case, and characterize the location of the first split.

Decision Stumps.

For each variable j = 1,2,...,p, let 7; be the permutation such that @, (; ; is non-decreasing in the index
i=1,2,...,n. Then, minimizing Equation (SA-2) can be equivalently recasted as maximizing the so-called
impurity gain:

Z (vi —?t)2 - Z (yi =7y, M(xi € tr) — Fy, A(xi € tR))2

x; €t x;€t

(SA-3)

(\/ﬁ Yoiet, Wi — 1) — A Ty e (Y u))2
(n(tL)/n(t))(1 = n(tr)/n(t)) ’

where g, = n(t)™! Y et Yil(xi € t). We can show this is also equivalent to maximizing the conditional

variance given the split:

W(% ~ T (34-4)

We start by considering the case when the tree is depth one (K = 1), i.e., a decision stump. Then

optimization objectives are equivalent to choosing a splitting coordinate j, and a splitting index 7 such that

tr :{uequjgxﬂJ(z)J}, tR:{UEXZu]A>IL‘TrJ(z)7]}.



The tree output can then be written as

Ji,, XET
() = o (SA-5)
Ytr> X € tR

where z; denotes the value of the j-th component of x.

The following theorem formally (and very precisely) characterizes the regions of the support 2 where
the first CART split index %, at the root node, has non-vanishing probability of realizing. As a consequence,
the theorem also characterizes the effective sample size of the resulting cells (recall the data is ordered so
that i = x;; and hence § = #{x; : x;; < i}).

Theorem SA-1 (Imbalanced Splits). Suppose Assumption SA-1 holds, and let (i,j) be the CART split
index and split direction at the root node. For each a,b € (0,1) with a < b, and ¢ € [p], we have

bh—
lminfP(n* <i<n’ j=¢) =liminfP(n—n® <i<n-—n*j=1{() > g (SA-6)
n—o0 n— o0 2pe
which implies
liminf]P’(n“ <i< nb) = limian(n —nt<i<n-— na) > b @
n—00 n—o0 2e

As part of the technical proofs, we correct a statement in the limiting distribution of the maximum of
an O-U process in Eicker [1979, Theorem 5] — the 2log(c) term appearing in the limiting probability should
be log(c). A corrected version for a more general case (the maximum of the norm of possibly multivariate
O-U process) is given in the following remark:

Remark SA-1 (A Markovian type result of Darling-Erdos Theorem for Vectors). Let {Vi(t): 0 <t < oo}
v, AVa(t) 1 0 <t < oo} be independent identically distributed Ornstein-Uhlenbeck processes with E[V;(t)] =
0 and E[V;(t)V;(s)] = exp(—|t — s|/2), 1 <i < d. Define

N(t) = (K;dv?(t))m.

For anyc> 0, z € R,

lim P(a(log(n)) sup  N(log(n)) — bg(log(n)) < z) = exp ( - e_(z_log(c))),
n—00 0<t<clog(n)

where a(t) = (2log(t))'/? and bq(t) = 2log(t) + 4 loglog(t) — logI'(d/2).

Theorem SA-2 (Convergence Rates for Decision Stumps). Suppose Assumption SA-1 holds. Suppose the
CART tree has depth K = 1. Then for any a,b € (0,1) with a < b, we have

linﬁnf]P’( sup |2"5(x) — | > on"2\/(2 + o(1)) log log(n)> > g, (SA-7)
n—r00 xeX
and suppose w.l.o.g. that x; ~ Uniform([0, 1)), then
liminf inf IF’(\,&NSS(X) —p| > on~2/(2+ o(1)) log log(n)) > b-a (SA-8)
n—oo x€Iy - - 2’



where X, = {x € 0,17 : z; = o(1)n®"! or 1 —z; = o(1)n®~! for some j € [p]}.

Deep Trees.

We will show that the imbalanced split issue is inherited from the decision stumps to trees of arbitrary depth.
Theorem SA-3 (Convergence Rates for Deep Trees). Suppose Assumption SA-1 holds. Then for any
be (0,1), we have

n—oo

lim ianP’(sup |8 (x) — p| > onY2\/(2 + o(1)) loglog(n)> > b/e.
xeX

Therefore, decision trees grown with CART methodology cannot converge faster than any polynomial-
in-n, when uniformity over the full support of the data &', and over possible data generating processes, is of
interest.

However, for the Lo-risk we still have the following positive result. This is because the small cells that
leads to issues in uniform consistency will have a small measure by Px.

Theorem SA-4 (Ls Counsistency — NSS). Suppose Assumption SA—1 holds. Then for the depth K (possibly
non-mazimal) tree,

Klog(n)*log(n
B[ [ (%50 - )| < 2 L0800)
X

n

where C' is a positive constant that only depends on . Moreover,

2K 10g(n)4log(np)> o,

lim supP(L(ﬂNSS(x) — u)?dFx(x) > C' "

n— oo

where C' is a positive constant that only depends on the distribution of &;.

SA-2.2 Honest Sample Splitting

For honest sample splitting strategy, we also present a lower bound on uniform consistency and an upper
bound on L, consistency.
Theorem SA-5. Suppose Assumption SA—1 holds. Then for any b € (0,1), we have

- ~ CE[ly; — l] Efly; — Nm
HON N >co=le A
lim inf P < sup | (x) — p Y >C Vv b,

n—oo xeq

where C' is some constant only depending on liminf,, o 7 and limsup,, ., =*.
" "

Theorem SA-6 (Ly Consistency — HON). Suppose Assumption SA—1 holds. Then for the depth K (possibly
non-mazimal) causal tree,

2K log(n)?

| [0 - parxo| < 2B

n

provided p~! < =L < p for some p € (0,1), and C is a positive constant that only depends on % and p.
M



Moreover,

2K log(n)® _0
n - b

lim supIE”(/ (A" (x) — p)?dFx(x) > C’
n—oo x
where C' is some constant only depending on p and the distribution of ;.
Compared to Theorem SA-3, the lower bound on the LHS of Theorem SA-5 that we characterize has one
less 1/(2 + o(1)) log log(n). Compared to Theorem SA-4, the upper bound on the RHS of Theorem SA-6 has

log(np) replaced by log(n). These changes are due to the honest sample splitting strategy.

SA-2.3 X-adaptive Tree

For X-adaptive trees, we leverage the decision stump result from Theorem SA-1 using an iterative argument
to infer inconsistency of trees of depth K, 2 loglog(n).

Theorem SA-7 (Pointwise Inconsistency). Suppose Assumption SA-1 holds. If liminf, bgﬁ% > 0,

then there exists a positive constant C not depending on n such that

limianP’< sup |@* (x; Kp) — p| > C) > 0.
n—oo x€XL

Since we keep the x;’s and refresh the (d;,y;)’s, the tree estimator has a simple form condition on x;’s.
Hence a direct variance calculation gives us the following Le-consistency result.
Theorem SA-8 (L2 Consistency — X). Suppose Assumption SA—1 holds. Then

| [ (0 10) - narx)] < AU

n+1
Using the same argument as Theorem SA-6, we can show
K2K] 5
| [ (0 ) - Pt < 022
X

where C' is a positive constant that only depends on ¢2. The direct variance calculation allows us to remove

extra poly-log terms.

SA-3 Heterogeneous Causal Effect Estimation

In this section, we consider the heterogeneous causal effect estimation problem from the main paper. The
assumptions on the data generating process and the definitions of causal trees are the same as in the main
paper. For completeness, we include them here:

Assumption SA-2 (Data Generating Process). @ = {(y;,d;,x; ) : 1 <i < n} is a random sample, where
yi = diyi(1) + (1 — di)yi(0), x; = (w1, .. ,xi’p)—'—, and the following conditions hold for all d = 0,1 and

i=1,2,....n.
1. (9:(0),yi(1),x;) 1L ds, and & =P[d; = 1] € (0,1).
2. yi(d) = pa(x;) + €;(d), with E[e;(d)|x;] =0 and x; L ;(d).

3. pa(x) =cq for allx € X, where cq is some constant, and X is the support of x;.



4. Ti1,...,Tip are independent and continuously distributed.
5. There exists a > 0 such that Elexp(Ae;(d))] < oo for all |\ < 1/a and E[g?(d)] > 0.

And the causal trees are constructed based on the following rules:
Definition SA-5 (CATE Estimators). Suppose T is the tree used, and D, = {(yi,di,x] ) :i=1,2,...,n:},

with ny < n, is the dataset used. Let t be the unique terminal node in T containing x € X .

e The Difference-in-Means (DIM) estimator is

. 1 1
Tom(x; T, D,) = (D) > diyi - o) > (1 —d)y,

1:X; €t 1:X; €t

where ng(t) = >0, 1(x; € t,d; = d), for d = 0,1, are the “local” sample sizes. In case ng(t) =0 or
n1(t) =0, take om(x;T,D,) =0

e The Inverse Probability Weighting (IPW) estimator is
1 d; —
Tew(x; T, D7) T Z £1— ym
where n(t) = no(t) + ni(t) = Y17, L(x; € t) is the “local” sample size. In case n(t) = 0, take
%Ipw(x; T797-) = O

Definition SA-6 (Tree Construction). Suppose D1 = {(yi,di,x; ) : i =1,2,...,n71}, with nt < n, is the

dataset used to construct the tree T.

o Variance Maximization: A parent node t (i.e., a terminal node partitioning ') in a previous tree T

18 divided into two child nodes, t;, and tg, forming the new tree T, by maximizing

2
(ﬁ(tL;T,c@T) - ﬁ(tR;T,@T)) ; | € {DIM, IPW}. (SA-9)
With at least one split, the two final causal trees are denoted by T°™(D1) and T™V (D), respectively,
for 1 € {DIM, IPW}.

e SSE Minimization: A parent node t (i.e., a terminal node partitioning ) in the previous tree T' is

divided into two child nodes, t; and tg, forming the next tree T, by solving

: 2

where only the data Dt is used. With at least one split, the final causal tree is denoted by TSE(D1).

Definition SA-7 (Sample Splitting and Estimators). Recall Definition SA-5 and Definition SA-6, and that

D = {(yi,x; ,d;) :i=1,2,...,n} is the available random sample.

e No Sample Splitting (NSS): The dataset D is used for both the tree construction and the treatment

10



effect estimation, that is, D1 =D and D, = D. The causal tree estimators are

Toon (%) = Tom(x; TP™(2), D),
Fiog (%) = Treu(x; T(2), D),  and
Tase () = Tom(x; T5(92), D),

e Honesty (HON): The dataset D is divided in two independent datasets Dt and D, with sample sizes

nt and n,, respectively, and satisfying n < nt,n. S n. The causal tree estimators are

o () = Tom(x; T™(D
%?S&‘(x) = %IPW(X; TIPW(9

75 (x) = 7o (x; T(D7), D).

4 4
=
SIS
R
=
S
N
9

While the estimators 7/°%(x) and 7/%"(x), | € {DIM, IPW, SSE} depend on the depth of the tree construction
used, our the notation does not make this dependence explicit because our results only require (at least) one
single split.

X-Adaptive Trees.

Definition SA-8 (X-Adaptive Estimation). Recall Definition SA-5 and Definition SA-6, and that @ =

{(yi,x; ,d;) i =1,2,...,n} is the available random sample.

1. The dataset D is divided into K +1 datasets (D, ..., D1y, Dr), with sample sizes (N7, ..., N7, Nr),
respectively, and satisfying nt, = -+ = ny, = n, (possibly after dropping n mod K data points
at random). For each of the datasets D; = {(yi,di,x;) 1 i = L...,nt;}, j = 1,..., K, replace
{(yi,di) =i = 1,...,n7,} with independent copies {(gZ,CL) ci=1,...,n1,}, while keeping the same
{xizi=1,...,n1,}.

2. The maximal decision tree of depth K, TZK(QZTN <, D1, ), is obtained by iterating K times the | €
{DIM, IPW, SSE} splitting procedures in Definition SA-6, each time splitting all terminal nodes until (i)

the node contains a single data point (y;,d;,x, ), or (ii) the input values x; and/or all (d;,y;) within

the node are the same.

3. The X-adaptive estimators are

%B(IM(X; K) = %DIM(X; T%M(@TN R 79TK)7 @T)v
(5 K) =ty TR D1,y 0, D1y ), Dr),  and
Tase(X K) = om(x; TR D, -, D1y ), D).

SA-3.1 IPW Estimator

The transformed outcomes y; E=0)

1 <i<n,areii.d, with

L di—&
E[%(l vy

Xi] =E[yi(1) = 4:(0)[x;] = c1 — co,

11



and

di— ¢ d; 1—d;
=Yg (c1 = co) = (e1 +&i(1)) = — (co +i(0)) ¢

My

é_ — (Cl — Co) 1 X

Assumption SA-2 implies E[exp()\;)] < oo for all || < 1/8 with 3 only depending on ¢ and «, and E[£?] > 0.
Hence the following results are immediate corollaries from the results in Section SA-2.
SA-3.1.1 No Sample Splitting

Corollary SA-9 (Imbalanced Split). Suppose Assumption SA-2 holds. Then for each a,b € (0,1) with
a < b, for every £ € [p],

b—a
2pe

lminfP(n® <i<n’j=/¢) =lminfP(n—n" <i<n-n"j=1{) >
n—oo n—oo

Corollary SA-10 (Stump). Suppose Assumption SA-2 holds, and the tree has depth K = 1. Then for any

a,b € (0,1) with a < b, we have

11minf]P’<sup | 758 (x) — 7| ZJn_b/2\/(2+0 (1)) log log(n )) > év

n—00 e

where % = V[dwg(l) + (1_;@?’(0)] Moreover, if x; has a density that is continuous and positive on [0, 1],

then
b—a

2e ’

liminf inf IP’(|%§IS§( )= 7] > an*b/Q\/(Q+o(1))1oglog(n)) >

n—oo x€e,

where L, = {x € [0,1]7 : ; = o(1)n®" or 1 —z; = o(1)n*~* for some j € [pl}.
Corollary SA-11 (Rates). Suppose Assumption SA—2 holds. Then for any b € (0,1) and arbitrary depth

tree, we have

1iminf]P’< sup |78 (x) — 7| > on"Y2\/(2 + 0(1)) loglog(n)) > 9

n— 00 €

Corollary SA-12 (L, Consistency — NSS). Suppose Assumption SA-2 holds. Then for the depth K (possibly

non-mazimal) causal tree,

| [ (@500 - rar(]| < o2 LoEn),
X

n

where C' is a positive constant that only depends on the distribution of &; = y; 5‘(11 2) 7. Moreover,

n— 00 n

limsupP(/ér(TgIsrf( ) — T)Qde(X) > C’2K log(n)* log(np)) =0,

where C' is a positive constant that only depends on the distribution of &;.

12



SA-3.1.2 Honest Sample Splitting

Corollary SA-13 (Honest Causal Output). Suppose Assumption SA-2 holds. Then for any b € (0,1), we

have

o A CE[|]] E[l&]
12££fp<22§'7?53<">”'> S R

where C' is some constant only depending on the distribution of €; = ylﬁ — 7, liminf, E—I and
limsup,, o 7T

Corollary SA-14 (L, Consistency — HON). Suppose Assumption SA-2 holds. Then for the depth K
(possibly non-mazimal) causal tree,

2K log(n)®

| [ #8160 - nPareo)| < 0ZEE,

provided p~1 < =L < p for some p € (0,1), and C is some constant only depending on the distribution of
€ = yiﬁ — 7 and p. Moreover,

lim sup]P’(/ (7EN(x) — 7)%dFx (x) > C’
a n

n—oo

25 log(n)?
og(n) > o,

where C' is some constant only depending on the distribution of &; and p.

SA-3.1.3 X-adaptive Tree

Corollary SA-15 (Honest CARTH+). Suppose Assumption SA-2 holds. Suppose liminf,,_ Mg{({)% > 0.

Then, there exists a positive constant C' not depending on n such that

liminfﬂ”( sup |7pu (3 Kp) — 7| > C') > 0.
X

n—oo xE

Corollary SA-16 (L2 Consistency — X). Suppose Assumption SA-2 holds. Then

E{ /3[ (6 ) — T)2de(x>} < XK

n

where C' is some constant only depending on the distribution of €; = yiﬁ —T.

SA-3.2 DIM Estimator

The DIM estimator can not be directly written as a regression tree with transformed outcome. However, we
show that it can be approximated by an IPW-tree. More specifically, we view the split criterion with different
splitting index and coordinate as an empirical process, and show that the split criterion for DIM and IPW

approximate each other.

13



SA-3.2.1 No Sample Splitting
Approximation Results on Decision Stumps.

Denote by 7, permutation of index [n] such that z,1) ¢ < T, (2)0 < -+ < Try(n),e, 1 <€ < p. Consider the
split criterion for the regression and ipw trees when splitting at the root note when #{x,;) € tr} = k: For
1<?¢<p,1<k<n, consider

oGk, = FO B (o s )’
g, 0) = BB (i gy g 0)’

where

k k
%EIM(k7£) _ Zi:l dwe(i)ywe(i) . Z¢:1(1 - dvrg(i))ym(i)

k

Yt dryti 2ima (1= dyi))
PRI ) = Z?:k;rl oy (i) Yo (i) _ Z?:k;d(l = (i)Y (i) ’

D ik Oy (i) iz (L= dry(i))

k k
_ 1 dﬂ' i 1 1— d7r i
Tk, 0) = - Z 2( )em(i)(l) % Z Té()sw(i) (0),

i=1 i=1

_ 1 - dﬂ' i 1 u 1- dﬂ' i
Hk O = =5 D T e - oy X e e (0)
i=k+1 i=k+1

Notice that if we replace e,(;) by Yr, (i), we would get 7™ (or 75") instead of 7™ (or 75"). But putting

€r,(;) here allows us to approximate the #°™ (-, £) processes.
The optimization objective based on Definition SA-6 for the regression based estimator with variance
maximization is equivalent to choosing a splitting coordinate jpmv, and a splitting index ipmy such that

tr ={ue X :u;,,, <z tr={ue u,, >«

TiDIM (iDIM)JDIM}7 WjDIM(iDIM)JDIM}v

that maximizes

n(tr)n(tr)

n(t)

(f’DIM(tL) - %DIM(tR)) 27

that is,
(iDIM; jDIM) = arg max JDIM(]{Z, 6)
ke
. . . . ¥ dey(i)Ymyi . .
A technical aspect is to control for fluctuations of objects of the form M, for which we will use

drey ()

i=1
a truncation argument that requires Zle dr,(i) = T With r, — oo. This gives the following lemma:
Lemma SA-17 (Approximation Error). Suppose Assumption SA-2 holds. Let (r,)nen be a sequence of real

numbers such that r,, — 0o. Then

_ loglog(n)
DIM _ FIPW _
122 ke Ik, 0) — I (W)’ O““’( Nea
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We also control for the truncation error:
Lemma SA-18 (Truncation Error). Suppose Assumption SA-2 holds. Let p, be a sequence taking values
in (0,1) such that limsup,,_, . pn loglog(n) =0, and take s, = exp((logn)P~). Then

Sn

max max IPM(, 0) — I (E, E)’ =Op <pn loglog(n) +

1<l<p 1<k<sp,n—s,<k<n

log 1og(n)> .

n

Rates for Decision Stumps.

The previous two lemmas imply that we can study argmax of #®™ in terms of argmax of #™. The

latter is the split criterion based on CART with transformed outcome %Ei(l) — 11:(2"

€;(0), and results from
Section SA-2 can be applied.

Theorem SA-19 (Imbalanced Split). Suppose Assumption SA-2 holds. Then for each a,b € (0,1) with
a < b, for every £ € [p],

b—a

limianP(na < ipm < 1P, jou = E) = liminf[P’(n —n® <ipm < n—n% jom = f) > .
n—00 n—00 2pe

The issue of imbalanced cells gives rise to the slow uniform convergence rate.
Theorem SA-20 (Rates for Stump). Suppose Assumption SA-2 holds, and the tree has depth K = 1. Then
for any a,b € (0,1) with a < b,

Q|

)

lim inf]P’( sup |7ass(x) — 7| > on~"2/(2 + o(1)) log log(n)) >

n— 00 xeX

where 0% = V|[&;], with & = %si(l) - 11:? ;(0). Suppose w.l.o.g. that x; ~ Uniform([0, 1]?), then

b
liminf inf P(|%§f§(x) — 7] > on72/(2 + 0(1)) loglog(n)) > a

n—oo x€Ln = 2’

where X, = {x € [0,1]P : z; = o(1)n""" or 1 —x; = o(1)n*~! for some j € [p]}.

Deeper Trees.

We generalize the above results on decision stumps to trees of arbitrary depths.
Theorem SA-21 (Deeper Trees). Suppose Assumption SA-2 holds. Then for any b € (0,1),

lim inf]P’( sup |78 (x) — 7| > on"Y2/(2 + o(1)) log log(n)> >b/e.
n—oo xeX

In comparison to the uniform convergence rate, for Ly convergence rate we can give an upper bound as
follows.
Theorem SA-22 (L, Consistency — NSS). Suppose Assumption SA-2 holds. Then for the depth K (possibly
non-mazimal) causal tree,

| [ (500 - raro]| < o2 LoE0n),
FA

n
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where C is a positive constant that only depends on the distribution of (d;,e;(0),e;(1)). Moreover,

2K log(n)410g(np)) _0
n )

lim supIP’< / (7385(x) — 7)%dFx(x) > C'
X

n—oo

where C' is a positive constant that only depends on the distribution of (d;,€;(0),e;(1)).

SA-3.2.2 Honest Sample Splitting

With the honest sample splitting strategy, we also give a lower bound on uniform convergence rate and an
upper bound on Ly convergence rate. The difference in rates from the rates in the previous section is due to
the different sample splitting strategies.

Theorem SA-23 (Honest Causal Output). Suppose Assumption SA-2 holds. Then for any b € (0,1),

n—oo

limianP’< sup |70 (%) — 7| > Cnb/2> > CE(1 — €)b.
xeX

where C is some positive constant only depending on the distribution of (€;(0),e;(1),d;), liminf,, Z—I and
limsup,, ,,, .
Theorem SA-24 (L, Consistency — HON). Suppose Assumption SA-2 holds. Then for the depth K (possibly
non-mazimal) causal tree,
2K 5
| [ (3800 - Parx(o] < cZE,
X

n
provided p~! < 2t < p for some p € (0,1), and C is a positive constant that only depends on p and the
distribution of (€;(0),e,(1),d;). Moreover,

2K 5
s

lim supP(/ (780N (x) — 1)2dFx (x) > C' -
x

n—roo

where C' is a positive constant that only depends on p and the distribution of (£;(0),e:(1),d;).

SA-3.2.3 X-adaptive Tree

We leverage Theorem SA-19 with an iterative argument to get
Theorem SA-25 (CART+). Suppose Assumption SA-2 holds. Suppose liminf,,_, bg;lf% > 0. Then

lim inf]P’( sup |7y (x; Kp,) — 7] > C) >0,
n—0o0 xeq
where C' is some positive constant not depending on n.
A direct variance calculation gives
Theorem SA-26 (L2 Cousistency). Suppose Assumption SA-2 holds. Then

| [ (s ) — (0] < X2

n

where C' is some positive constant that only depends on the distribution of (¢;(0),e;(1),d;).
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Using the same argument as Theorem SA-24, we can show

E[ [ it 1)~ rparxo)| < oFE 0T
X

n
where C' is a positive constant that only depends on the distribution of (g;(0),;(1),d;). The direct variance

calculation allows us to remove extra poly-log terms.

SA-3.3 SSE Estimator

While the CATE estimators given the tree of the SSE strategy coincides with the DIM strategy, the tree
construction methods differ. Similar to DIM, for SSE we also characterize the distribution of split index via
a Gaussian approximation. Here we show the split criterion with SSE strategy can be approximated by the
split criterion from two transformed outcome regressions, one for treatment and one for control. A careful
high dimensional Gaussian approximation with respect to the geometry of simple convex sets then enables

us to characterize the limiting distribution of splitting indices.

SA-3.3.1 No Sample Splitting

Decision Stump.

For each variable j = 1,2,...,p, the data {z;; : x; € t} is relabeled so that z;; is increasing in the index

i=1,2,...,n(t), where n(t) = #{x; € t}. The fit-based objective is to minimize

min Z (yi — as, — b, di)? + Z (yi — aty — bipd;)? (SA-11)

b brER
ar,br,ar,bRr€E x;ELL =

with respect to the index ¢ and variable j. Again, the maximizers are denoted by (issg,jsse), and the
optimal split point 7 that maximizes (SA-11) can be expressed as Tiggp, jsse -
To break down the criterion (SA-11), denote

k k
D ie1 (L= doy(i)) Yy (i) > i1 Aoy (i) Yo (i)

[A"L,O(kag) = % 5 ﬂL,l(k,Z) = % 5
Ei:l(l - dm(i)) Ei:l dmi(i)

~ :‘L: 1- d7r i) )Yme (i ~ :‘L: dﬂ' DNYme(i

Aok, 0) = 2 ikt () Yo i) i (, 0) = Lizkrr Gro(i) Ymeti)

Z?:k-i—l(l - dm(i)) Z?:k—i—l dm(i)

Also to denote the counts compactly, ng = Y7, (1—d;), np o(k) = S, (1 - dryiy), nro(k) = >0 (1—

dry(s)), and ny = S dis npa(k) = Zle dryi)> nr1(k) = Z?:kﬂ dr,(i)- Then we can show that maxi-

mizing Equation (SA-11) is equivalent to maximizing

nr,on A . nrain A N
I, 0) = =D o (K, ) = o (ks 0) + =2 = G (,€) = i (k,0)°,

We want to show the above empirical process can be approximated by

7795, 0) =(1 = P8 (1 0) = ok )+ €5 (g (8, ) — a0,

17



with

kz - M(Z)Ym( " kz W(Z)Ym(z

i<k i<k

Aro(k,0) = —kz — M(l Yo, 6y fira(k,€) = —kz et )YTW(’L
i>k

The latter can be approximated by the summation of two independent time-transformed O-U process (which
is again a time-transformed O-U process), for fixed coordinate ¢ € [p]. More precisely, we present the
approximation lemmas:

Lemma SA-27 (Approximation Error). Suppose Assumption SA-2 holds. Let (r,)nen be a sequence of real

numbers such that r,, — 0o. Then

1 1 3/2
max  max S5k, () — ﬂ”’f(k,é)\ = m(ogog(n))-
1<U<prn<k<n—ry \/E

Lemma SA-28 (Truncation Error). Suppose Assumption SA-2 holds. Let p, be a sequence taking values
in (0,1) such that limsup,,_, . pn loglog(n) = oo, and take s, = exp((logn)~). Then

1<l<p 1<k<sn,n—sn<k<n

max max ISSE (| () — Pk, 6)’ = Op (pn loglog(n) + log log(n)>.

Theorem SA-29. Suppose Assumption SA-2 holds with V]e;(0)] = V[e;(1)]. Then for each a,b € (0,1)
with a < b, for every ¢ € [p|,

b—a

n— o0 n— oo 2p6 ’

liminf}P’(na <igsg < ’I’Lb,ngE = f) = hmlnf[P’(n —n? <issg <n—n" jssg = E) >

Remark SA-2. We add the condition that V[e;(0)] = V[e;(1)] so that a two-dimensional Darling-Erdos
theorem [Horvdth, 1993, Lemma 2.1] can be applied. We conjecture that without V[e;(0)] = V(eg;(1)], the
conclusion still holds with a Darling-Erdos theorem for i.n.i.d O-U process, but this is out of the scope of this
paper.

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence
the following results can be proved based on Theorem SA-29 and the same logic as Theorem SA-20 to
Theorem SA-25.

Corollary SA-30 (Rates for Stump). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. For any
a,b € (0,1) with a < b, we have

S

1imianP< sup |78 (x) — 7| > on""2\/(2 + 0(1)) loglog(n)> > -,
xeX

n— oo

g

and suppose w.l.o.g. that x; ~ Uniform([0, 1]?), then

b—a
2 ’

liminf inf IP’(|%_§§ES( Y — 7] > on72\/(2+ 0(1)) loglog(n)) >

n—00 XEXLn

where X, = {x € [0,1]7 : x; = o(1)n*" or 1 — z; = o(1)n®"! for some j € [p]}, and 0% = V[dyT(l) +
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(lfdi)yi(o)]
1—¢ ‘

Deeper Trees.

Corollary SA-31 (Deeper Trees). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. Then for any
be (0,1), for any sequence K,, taking values in N,

lin_1>inf}P’< sup |788(x) — 7| > on"%2/(2 + o(1)) log log(n)> >b/e.
n—00 xeX

Corollary SA-32 (L, Consistency — NSS). Suppose Assumption SA-2 holds with V[e;(0)] = V]e;(1)]. Then
for the depth K (possibly non-mazimal) causal tree,

B[ [ (800 - (] < T Loser),
X

n

where C' is a positive constant that only depends on the distribution of (¢;(0),e;(1),d;). Moreover,

2K log(n)410g(np)) o,

lim supIP>< / (7355(x) — 7)%dFx(x) > C'
@ n

n—oo

where C' is a positive constant that only depends on the distribution of (,(0),€;(1),d;).

SA-3.3.2 Honest Sample Splitting

Corollary SA-33 (Honest Causal Output). Suppose Assumption SA-2 holds with V[e;(0)] = V]e;(1)]. Then
for any b € (0,1), for any sequence K,, taking values in N,

n—oo

limian( sup |Fed (x) — 7| > Cn_b/2> > C¢(1—¢)b.
x€XL

where C is some constant only depending on the distribution of (£,(0),€:(1),d;), and liminf, o 7T and
limsup,, o 7T
Corollary SA-34 (L, Consistency — HON). Suppose Assumption SA-2 holds with V[e;(0)] = Vieg;(1)].
Then for the depth K (possibly non-mazimal) causal tree,
2K ] 5
] [ (#8200 - mParc(] < o218
P

n

provided p~! < =L < p for some p € (0,1), and C is a positive constant that only depends on p and the
distribution of (£;(0),e;(1),d;). Moreover,

K 5
limsupP(/ (N (x) — 1)%dFx (x) > C,210g(n)> =0,
n—o00 @ n

where C' is a positive constant that only depends on p and the distribution of (£;(0),&;(1),d;).
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SA-3.3.3 X-adaptive Tree

Corollary SA-35. Suppose Assumption SA—-2 holds with V[e;(0)] = V]e;(1)]. Suppose liminf,,_,~ logfgw >
0. Then

lim ianP’( sup |fase(x; Kp) — 7] > C) > 0.
n—oo xeqL
Corollary SA-36 (L2 Counsistency). Suppose Assumption SA-2 holds with V([e;(0)] = V[e;(1)]. Then

B[ [ (ol ) = 7m0 < 0% 2

n

where C' is some constant not depending on n.

SA-3.4 Additional Results

SA-3.4.1 Squared T-statistic Estimators

The fourth method proposed by Athey and Imbens [2016] is the squared T-statistic trees, where at the root
node the index and coordinate to split (%, ) are chosen so that the squared T-statistics metric is maximized,
that is,

P j: arg max n (%L(kag) - 7A-R(’Z{"ag))2
’ ke[n],L€(p] S(kvg)Q/k""S(k?EV/(n_k),

where 77,(k,£) and 7g(k, ) are the causal tree estimators for the left and right nodes respectively based on

split coordinate ¢ and index k, and S(k, ¢)? is the conditional sample variance given the split, that is,

Sk, 07 = 5 S — 70k )+ —5 (i — 7k, )
i<k i>k
= - i 5 [Z(n —nt Yy ) - L"ﬂ‘ k) (7L(k,0) — 7r(k, 0)*].
i=1 j=1

Putting together, we see the squared T-statistics metric is a monotone transformation of the split criterion

of previously studied estimators,

(k) = Fr(k,0)?
S(k, 02k + S(k, 02/ (n — k)

n n -1
— PR G - %R(k,ﬁ))2( ! Y m-nty m)? - LMD Gy - fR(kyf)V) :

n n—2 n

Hence the split is always the same as the split by the split criterion studied in Section SA-3.1 and Section SA-
3.2.
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SA-3.4.2 Unbiasedness under Symmetric Error

Lemma SA-37 (Unbiasedness). Suppose Assumption SA-2 holds, and €;(0), €;(1) are symmetrically dis-

tributed around zero. Then

E[#/(x;K)| =, l € {DIM, IPW,SSE}, ¢ € {NSS,X}, K >1,
and suppose t is the node containing x, then

E[#%(x; K)] = 7 — 7P(n(t) = 0), 1 € {IPW},

E[#%(x; K)] = 7 — 7P(no(t) = 0 or ny(t) = 0), [ € {DIM, SSE}.

SA-4 Proofs

SA-4.1 Proof of Theorem SA-1

First, we introduce some notations. Recall for £ € [p], 7, denotes the permutation such that (2, : 1 <i <

n) is non-decreasing. Define sample mean at the left and right leave at index k € [n] based on coordinate
¢ € [p| by

k n

) 1 A 1

Ak ) = 2> wmy, ARk O =~ > n,  kE], L€
i=1 i—kt1

We can check that minimizing the sum of squares criterion Equation (SA-2) is equivalent to maximizing the

split criterion

(i,7) = argmax Z(i,7).
(i.5)€[n]x[p]

where

MOB (aoh0) —ink ) kel el

I (k,0) =

Moreover, under the constant conditional mean assumption, Assumption SA-1 (1), we have that iy, (k,¥¢) —
ir(k,0) = %Zle Eroli) — ﬁ E?:,Hl €x,(i)- Hence we can w.l.o.g. replace y; by ; in the definition of i,
and fir, that is,

k n

. 1 . 1

ILLL(k’E) = E Zng(i)v ,U'R(kag) = n—=k Z 5#5(1’)7 ke [n}’ le [p}
i=1 i=k+1

The rest of the proof is organized as follows. In Section SA-4.1.1, we prove the results under p = 1, showing a
strong approximation of the split criterion (#(k,1) : k € [n]) by the square of a time-transformed Ornstein-
Uhlenbeck (O-U) process, and studying the argmax of the split criterion through the argmax of the O-U
process. In Section SA-4.1.2, we generalize to allow for p > 1. We show that the split criterion over different
coordinates, that is, (Z(k,£) : k € [n]) for different £’s, are asymptotically independent. This reduces our

problem to one-dimensional calculations, and the same technique of approximation by O-U process from
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Section SA-4.1.1 can be used.

SA-4.1.1 Univariate Case

This the case when p = 1. For notational simplicity, define partial sums by

k
Skzz&rl(i), ke [n}
i=1

By Csorgo and Horvéth [1997, Equation A.4.37], we can define a sequence of Brownian bridges {B,(¢) : 0 <
t < 1} on a suitable probability space such that

1 k_1
B, (1)] v B (t)]
max /. (k,1) — sup ————| = | max — sup ——| = €,
BENVIED T S A gl B 0 K e VAL D

(SA-12)
where ¢, = op((loglog(n))~1/?). We note that while Csérgé and Horvéth [1997, Equation A.4.37] bounds
the approximation error of the maximum over the full range 1 < k < m as in (SA-12), its proof, which
relies on invariance principles for partial sums of i.i.d. random variables, can be generalized to bound the

approximation error over 1 < k < n?, n® < k < n. Thus,

1 k_1
77k = wmSn
‘ vn v - sup Bl = €,. (SA-13)

max
1<k<ne, nb<k<n \/(k/n)(1 —k/n)  1/n<t<na-1, np-1<i<i—i/n /(1 — 1)

We note that the standardized Brownian bridge {B,(t)/ VA —t) 10 <t < 1} is distributionally
equivalent to a time-transformed Ornstein-Uhlenbeck (O-U) process {U(log(t/(1 —))) : 0 < ¢ < 1}, where
{U() : t € R} is an O-U process with mean E[U(t)] = 0 and covariance E[U(s)U(t)] = e~ ls=t/2 [Csorgs
and Révész, 1981, Section 1.9], and thus

o[ ap IBOL, o Bn<t>)+2€n)

1/n<t<1-1/n t(l —t) 1/n<t<ne—1 nb-1<t<1-1/n t(l —t

= ]P’( sup |U(t)| > sup |U ()| + 2en)
— log(n—1)<t<log(n—1) —log(n—1)<t<log( lfzgil ), log( 111:;i1 )<t<log(n—1)

= ]P’( sup |U(t)| > sup |U(t)] + 26n) , (SA-14)
0<t<2log(n—1)

a— — b— _
0<t<log(Zetn=h)y jog 2071 (n)) <o log(n—1)

1-na—1

where the last equality follows from stationarity of the process |U(t)|, the square of which is a Cox-Ingersoll-

Ross (CIR) process [Going-Jaeschke and Yor, 2003]. Continuing from (SA-14), for any sequence u,, we
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have

]P’( sup |U(t)] > sup \U(t)| + 26n>
0<t<2log(n—1) 0<t<log(Zilnol)y og 20— 1nol)) 4 < log(n—1)
>]P’< sup U ()| > un, Sup |U(¢)] <un—2en>
0st<2log(n—1) 0<t<log( 222ty jog 2071y <o log(n—
St<log(*— a1 ), log = )<t<2log(n—1) (SA-15)
>P sup |U®®)| < upn — 2€n>

(o<t<1og("“ D) log My < <o log(n—1)

—]P’( sup |U ()] <un>.
0<t<2log(n—1)

Now, since U(t) is a continuous, mean-zero Gaussian process, it induces a centered Gaussian measure on
the space of all continuous functions on [O, 2log(n — 1)] equipped with the supremum norm (a separable
Banach space). Thus, by the Gaussian correlation inequality [Latala and Matlak, 2017, Remark 3 (i)], we
have that

]P’( sup U )| < up — 26n>
0<t<log(“I—tr)y og "= Hno1)) <4< log(n—1)

>]P’< sup |U(t)] <un—2en) -]P’( sup |U(t)] <un—2en>
O<t<log(w) log %)<t§210g(n71)

= ]P’< sup |U@)| < up — 26n) -IP’( sup U )] < upn — 2€n>, (SA-16)
0<t<log(" (=1 O<t§10g(#)

where the last equality follows from stationarity.
Remark SA-3. The next step of our proof relies on a precise characterization of weak convergence for the
suprema of a standardized empirical process, as studied in [Eicker, 1979]. However, Eicker [1979, Theorem
5] is incorrectly stated: the 2log(c) term appearing in the limiting probability should be log(c). This correction
has important implications in our proof.

By the Darling-Erdds Limit Theorem for the O-U process [Csorgo and Révész, 1981, Theorem 1.9.1] and
[Eicker, 1979, Theorem 2.2 and the correct version of Theorem 5], for all ¢ > 0 and z € R, we have

lim IP( sup @) < 2loglog(n) + (1/2)logloglog(n) + 2 — (1/2) 10g(7r)>
n—00 0<t<(c+0(1)) log(n) 2loglog(n)
= exp ( — e*(Z*lOg(c))> . (SA_I?)

For a detailed proof of a generalized result on multidimensional O-U process, see Remark SA-1.
Let z* maximize z — exp ( — 26_(z_1°g(2_(b_“)))) — exp ( — 26_(Z_1°g(2)))7 and set

_ 2log log(n) + (1/2) logloglog(n) + z* — (1/2) log(w).
2loglog(n)

n

We combine (SA-14), (SA-15), and (SA-16), and employ (SA-17) three times with ¢ =2 and ¢ =2 — b, and
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¢ = a, together with the fact that €, = op((loglog(n))~'/2). We have that

By (t By (t
lim ianP( sup & > sup & + 26n)
n—00 1/n<t<i-1/n V(1 — 1)  1/n<t<no—1, nb-1<i<i—1/n \/t(1 — 1)

> exp ( _ 267<zuog(a>)) . exp ( _ 267<z*flog<2fb>>) —exp ( _ Qef(z*flogm))

= exp ( — 26*(2*,10g(27(b7a)))) — exp ( _ 267(2*,10g(2)))

:b—a<1_b—a>b—2”_1
2 2

b—a
> . SA-18
- 2e ( )
Remark SA-4. Alternatively, for any 0 < A < B < C, we have
B-A
]P’( sup |U(t)| > sup |U(t) ) =—. (SA-19)
0<t<C 0<t<A, B<I<C C

This can readily be shown using the fact that the absolute value of a zero-mean O-U process is stationary,
Markov, and has continuous paths. Consequently, ignoring the stochastic error €, from approzimating the
split criterion (SA-3) by the square of a standardized Brownian bridge (not yet justified), using (SA-19), we
can approximate the probability P(max)<p<, S (k,1) > max<pcpe pb<ken & (k, 1)) by

P sup  |U(t)] > sup U]
< )

0<t<2log(n—1) O<t<log(na 1(" 1)) log "171(" 1))<t<210g(n 1)

M) log(w) b—a

1—no—1

log
N 2log(n — 1) AT

n — oo. (SA-20)

SA-4.1.2 Multivariate Case

Now we prove for the general case of p > 1. As a sketch of the proof, we show that the split criterion over

different coordinates, that is, (& (k,¢) : k € [n]) for different ¢’s, are asymptotically independent, which will
imply

liminfP(n® < i< n j=1¢)

n—oo

zlln}llnfp(mgxf(k, 1> max s (k) max s (k1) > max S (F, 1))

>11m1anP’(m}§1xJ(k 1) > 2z, > max Z(k, j), max/(k 1) >z, > max J(k, 1))

k,j#1 ké[ne nb)
—1

@ (11m1an(mI?Xf(k,1) < zn))p hmlnf]P’(maxf(k 1) >z, >  Jhax I (k, 1))

[ne,n]

where in equality (*) we use asymptotic independence between .# (-, £) for different ¢’s, and the last line are

one-dimensional probabilities that can be handled by O-U process approximation like in Section SA-4.1.1.
To show the split criteria over different coordinates are asymptotically independent, we break down

into two steps: In the first step, we show the partial sum process n indices and p coordinates can be

approximated by another partial sum process with Gaussian increments (hence a Gaussian process), with

the same covariance structure. In the second step, we show the covariance between the split criteria over
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any two different coordinates and any indices are vanishing. Together with Gaussianity, this implies that

the split criteria over different coordinates are asymptotically independent.
Step 1: Non-Gaussian to Gaussian Coupling.

For 1 < ¢ < p, denote by H’ (%) the scaled partial sum for the /-th coordinate evaluated at time £, that is,

n n’

A 1)
_ m; (n(rt (@) <) - S)e

where #m’ : [n] — [n] is the inverse mapping of 7*.

We use a truncation argument for the proof. Fix ¢ € (0,1). Take r, = exp((logn)¢). And consider

n

. k T T
m(ﬂ(#wg(z)gk)—ﬁ):rngkgn—rn) :1§€§p) i,

e v

where #m¢ denotes the inverse mapping of 7¢. Notice that we add the y/n factor for standardization. Then

1

we can check that condition on %, the o-algebra generateed by the p permulations 7", --- 7P, C;’s are

independent, and for all 1 < j < p(n — 2r,), 1 < £ < p, we have

n—liE[C%|%] = k(nri 5 {’f(n;k)gﬂn—k)(:ﬂ .

where we assume row j in C; corresponds to /n, /m(ﬂ(#ﬂ'e(i) < k) — £). To use the coupling result
[Chernozhukov et al., 2017, Theorem 2.1], we bound a few quantities: Suppose K; and K3 are the universal

constants given in the cited theorem,

L,= _max_ > E[C,[*|#)/n

1<j<p(n—2rn)

— e 092 () [k b+ (0 BBl

1<U<prn<k<n—ry n—

< max  max (P2 2RVR
1<0<pro<k<n—r, \/(n — k)nk

Vn/ry. (SA-21)

For notational simplicity, denote P = p(n — 2r,,). Take L, = L,, then

L2 log?(P)\ ~V/6 AN
¢n=K2(" g()) :KQ( - ) .
n log™(P)

A
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The definition of C; implies Cj; is \/n/rn-exponential. Hence

1<j<p 1<

Mox(0n) =~ 38| e 107 s, 0] > v/ (400 o) |

" 1/2 1/2
-1 .16 ..
<n z;E[lrgagp |Cij] ’%] IP’LrgJa%(P |Ci;| > v/ (4, log(P))‘%’]

<3 [ ¥ mesa] | 5 p(eul> viras.onen|#)]

i=1 L1<j<p 1<j<p

<n! i(P(n/rn)ff)lm |:Pexp ( _ Jf%iig(l’)))] 1/2

SR(n/ri) P exp (- i(lggp)l/?))

—2
Sn

since 7, = exp((logn)®) and e,p are fixed. Now condition on %, let D;,1 < i < n to be independent

mean-zero Gaussian random vectors such that
D; ~ N(0,E[C;C/ |4)), condition on A.
Then for each 1 < j <P, 1 <7 < n, we have D;; is r;l—subGaussian. Hence the same argument implies
Mn,Y(¢n) S n=?

[Chernozhukov et al., 2017, Theorem 2.1] then implies

sup
Aegdre

P(gci © A"@) _P(gDi < A‘%’)‘ < K; {(Lilong?(m)% n My x (én) + Mny (¢n)

L,
7 1/6
< <log (P)) L[ 1

~ Tn n n2
7 1/6

S (log (n)) , (SA-22)
Tn

where /'€ is the class of all rectangles A of the form
A:{UERPZCLJ' Su]' Sbj,Vj: 1,2, ,P},

for some —oo < a; < b; < o0, j = 1,2,---,P. In particular, suppose u;,1 < i < n are i.i.d N(0,E[¢?])

random variables, then D; can be taken such that

Di:\/ﬁ(( k i (N (F#7°(0) Sk)—%):rngkgn—rn)T : 1§Z§p)Tui.

(n — k)
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The above result shows if we define

k n
k n k
Z —_ = —_— A L
Gn<n> ﬂ/k(n_k){ ;Zluwf(z) - ;:1 uwf(n},

then Equation (SA-22) and unconditioning on %, we get

log7<n>>”ﬁ_

T'n

sup ‘IP’( max  |H!(k/n)| §t4,1§€§p> —IP’( max |GY(k/n)| Stg,lgfgp)‘ < (

t1,t,€R rpn<k<n—r, rpn<k<n—r,
Step 2: Gaussian to Gaussian Coupling.

For 1 < ¢ < p, denote by G* ( ) the partial sum for the /-th coordinate evaluated at time £ =, that is,

k n
k n k
Z —_ = —_— A ]
Gn<n> ﬂ/k(n_k){ ;Zluwf(z) - ;:1 uwf(n}

Then G,, = ((GL(1/n),GL(2/n), - ,GL(n/n))T, - ,(GP(1/n),GE(2/n), - ,GE(n/n))T)T. Then G, is a
np-dimensional Gaussian random vector, and denote by X, its covariance matrix. We want to show that
3, is close to one with covariance between different coordinates zero.

Consider two different coordinates, ¢1, 42 € [p]. W.l.o.g, we can assume ¢; = 1 and ¢o = 2. Let k,j € [n].
Denote by o the sigma-algebra generated by 7, - ,m,. Then

() (]

k J
:\/k’(”n— {ZZE ey (i ey 1) 0] = ZZE U, (5) Uy (i) | O]

zlz/l

=1
k ] kj n n
== Elungummlol+ 5> > E[“m<z‘>uwz<i'>|‘f]}

i=1i'=1 i=1i'=1

_\/k(nn— k) j(nn— ) J:{;; zk: i Eltir, (i) timy i1y O] — 1}.

i=14'=1

To calculate Zle Zg,zl E[tr, (3)Unr,ir)|o], we can first condition on 71, and let & = {m (i) : 1 < i < k}.
Observe that Zle Zg,zl Eltir, iyUn, iy |lo] = [{i" € [j] : m1(") € F}|. Now consider

f(m) = j—k|{z € [j]:m() € T},
7 is a random permutation of [n]. Changing the order of the first j values of m does not change the value

of f(m), and |f(m) — f(7**)] < f; forall m, s € {1,---,j}, t € {j + 1,--- ,n}, where the permutation 7"

is obtained from 7 by transposition of its sth and t¢th coordinates. We will show later that w.l.o.g. we can
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assume j, k < [n/2]. Then by Lemma 2 from El-Yaniv and Pechyony [2009], for any ¢ > 0,
LI |
jk Z Z Eltr, iy tmy(iny|o] = 1’ >t 7r1>

“
i=14=1

=P(|f (m2) — E[f(m2)]| > t|m1)

22 n—1/2 1
§2exp(— . —(1- : ‘)).
J(F%)? n—j 2max(j,n — j)
Since "7;1]/2 (1- 2max(1j 7%j)) >1- %, we can marginalize over m; and uncondition on o to get there exists

a positive constant C' such that for n large enough, for all j, k € [n],

ko J
n
— Eltr, (iyUr, iy |o] — 1] < C—.
Ijk;i;[ (imole] — 11 < O
which implies
b1
(n—k)(n—j) Vik Vk

|COV[G;,(%),G3(%)}| <C < crv2, (SA-23)

The reduction to j, k < [n/2] is because

k n
k n k
e P _ L )
() \/k<n—k>{§“’”“> n?‘“}
[ n - n—k—
= — 7]@(” — ,l(:) { Z uﬂ.e(i) — n Z ’U/ﬂ-l(i)}.
i=k+1 =1

Now consider a np-dimensional mean-zero Gaussian random vector

Z, = ((Z}l(l/n), Z%(Z/n), e ’Zvlz(n/n))Tv T (ZS(l/n)7 25(2/71)7 e azﬁ(n/n))T)Ta

where for each 1 < ¢ < p, (Z:(1/n), Z5(2/n), -+, Z5(n/n))T has the same joint distribution as the partial
sum random vector (G4 (1/n),G%(2/n), - ,GE(n/n))T, and for any £ # ¢’ and any j, k € [n],

Cov[ZE(j/n), ZE (k/n)] = 0.

Denote by I';, the covariance matrix of Z,,. We want to show TI';, is close to X,,. For a tight control on the

rate of convergence, consider the truncated random vector,

T, (Gn) = (G (k/n) iy <k <n—r,) :1<L<p
T, (Z,) = (Z5(k/n) :rp <k <n—r,)  :1<0<p)T.

)T

9

Also by an abuse of notations, denote by T, (3,) and T, (T,) the covariance matrix of T, (G,) and
T, (Z,), respectively. Then Equation (SA-23) implies

T, (Zn) = Tr, (T) [[max = O(ry, /?). (SA-24)
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Additionally, we can lower bound the variance of each item of T;. (Z,) by the following conditioning argu-

ment: Condition on the permutations m;, 1 < ¢ < p, then

VIZE (k/n)|me, 1 < £ < p] = VIGE (k/n)|me, 1 < £ < p]

V| (3w~ £ D)
[ (S A 3]

=1, 1<k<n1<l<p,

7Te71§€§19}

where in the third line, we have used the fact that condition on 7, 1 < £ < p, (Ure(;))icm)’s are i.i.d. N(0, 1).

By the Gaussian-to-Gaussian Comparison result [Chernozhuokov et al., 2022, Proposition 2.1],

SUIT)( ) P(T5, (Gn) <) —P(T},(Zyn) <y)| < Clog(n)||T, (5) — Tr, (T'n) [ max
yeRpT(n
where C'is an absolute constant, and T'(n) = [n—r,] — |r,]. Combining with Equation (SA-24) and taking
y= (1", --t,17), y = —(t117,---t,17) separately with 1 a vector of T(n) 1’s, we get
sup ‘]P’( max |G (k/n)| <ty 1 gﬂgp) —]P’( max | Z%(k/n)| <t 1 Sﬁgp)‘

t1,-tp€R | \TnSkSn—TH rn<k<n—r,

= O(log(n)r,,*/?). (SA-25)
Step 3: Reduction of calculations of one-dimensional O-U process

As in the previous two sections, fix e > 0, and take r,, = exp((logn)®). Let & = {3¢ € [p] : argmax,, I (k,?) <
rn or argmax & (k,¢) > n —r,}. Then by [Csorgd and Horvath, 1997, proof of Theorem A.4.2], and a

union bound argument, we have
»
P(&) < ZIP(argmaxf(k,ﬂ) <71, or argmax J(k,0) >n —r,) =o(1).
= k k

Hence we can effectively restrict the candidates of arg max to [r,,n — r,]. W.lLo.g., we consider coordinate
¢ =1, and

liminf P(n® <i<nb j=1¢)

n— oo

_P(iré%ﬂ(k 1> s (k). max S (k1) > max Sk 1))

Y

P(kme%f(k 1> s £ (k). max S (k1) > xS (K, 1),8 )—]P’(%’)

v

}P’( max S (k,1) > max Z(k,j), max F(k,1)> max Ik, 1))_211»(%)

kE[rn,n—rn] k,j#1 K€lrn,n—rn] kgne,n’]

v

IP’( max .#(k,1) > max #(k,j), max #(k,1)> max .Z(k, 1)) o(1).

kE[rn,m—7rn] k,j#1 k€[rn,n—ry] ké[ne nb]

Now we can using the coupling result developed previously. Using our notation, we have . (k,{) =
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(H:(k/n))%. Hence

]P’(ke[max I (k,1) > max F(k,j), max F(k,1)> max I(k, 1))

Tn7n_7'n] j#l,kE[rn,n—rn] kE[?'n,n—rn] k%[na nb]

= IP’( max \H}L(E)\ > max \Gfb(ﬁ)| max \H}L(—>| >  max |H711<E>|>
k€[rn,n—ry] n (#£1,kE[ry,n—ry] n k€[rn,n—ry] n ké[n® nb] n

zsupIP( max ]|H}L(§)|>z> max \Hﬁ(%)\, ke[max ]|H1( )\>z> max \Hl(k)‘)

2€R kE€[rn,n—ry L#£1,kE[ry ,n—ry] T —Tn ké[n® nb] n

k k k
ZsupIP’( max |Z711(7)| >z > max |Zf;(f>|, max |Z1< )| >z > max |Z1< )|)
2€R k€[rn,n—ry) n L#£1,kE[ry ,n—ry] n

[rnm—ry] ké[ne n?) n
+Ollog(n)"/or;0),
where we have used Lemma SA-17 and Lemma SA-18. Since we choose r,, = exp((logn)), we have
log(n)"/Sr,, SLE = = o(1). It then follows from independence and symmetry between Z‘’s across different
0’s that

k k k
lirginfsupIP’< max ]\Z%(E>|>z> max |Zﬁ(ﬁ>|’ max \Zl( )\>z> max \}L(f)\)

2€R k€[ry,n—ry L#£1,kE[ry ,n—"ry] kE€[rn,n—ry] k¢[n® nb] n
- 1k -1 1k 1k
> liminfsupP( max |Zn<—)| < z)P7'P(  max |Zn<—>| >z > max |Zn( )|)
n—=00 ,cr  kE[rn,n—ry,] n kE[rn,n—7y] n k€[rn,n—rn],k¢[n% nb] n

> sup exp ( —p— 1)6—(z—1og(2))) (exp ( _ 26—(z—1og<2—<b—a>>>) —exp ( _ 2e—<z—1og<2)>)>

2P 1
_ b—a(l_b—a>*’—“
2p 2p
b—a
2pe

>

7

where the third line is by similar calculation as in Section SA-4.1.1. Putting together, we have

b—a

lim inf P(n® < ignb,jzf) > ,
2pe

n—oo

and by symmetry, we have

limianP’(nfnagignfnbjzé) >

n—oo

SA-4.2 Proof of Remark SA-1

Taking T' = clog(n) in [Horvath, 1993, Lemma 2.1], we have

p (e Moo = TR ) —ow (=),

z+ba(clog(n))

Now we expand the term a(clog(n) " For notational simplicity, denote

L = loglogn, A =loge, L — oo (n— o0).
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First, we present some elementary expansions,

\/2(A+L):\/ﬁ\/1+%:\/ﬁ(1+£ A2+O(L*3)),
1 1 A 347 _
MﬂA+Lf:¢ﬂ%l_ﬁT+Qﬁ+OU;ﬂ)
2

A A _
log(L + A) =log L + T 572 +O(L™3%).

Now we expand the terms for the numerator by(clog(n)),

d
Ny =z+2A+2L+ §1og(log(clogn)) —logT'(d/2),
d
Ny=2z+2A+4+2L + glogL —logT'(d/2),
d
N3=z+A+2L+ §logL —logT'(d/2).

Then

z+ba(clogn) 2+ log(c) + ba(logn)
a(clog(n)) a(log(n))
NN
C V2(A+L) V2L
1 1 1

Nl<\/m \/ﬁ) + \/ﬁ(Nl — N3)
1 A 3A? _ 1 _
:Nl\/ﬁ<_2L+8L2+O(L 3)) +\/ﬁ<2(L_2L2+O(L 3)) +A)-

Since Ny = 2L + O(logloglog(n)), we have

z +bg(clogn)  z+log(c) + ba(logn) 3A2 dA

a(clog(n)) a(log(n)) T 4y/213/2 + W/2L3/2 +o(

L73/2) _ O(L71/2).

Since a(log(n)) = O(L'Y/?), we have

= + clog(n) + ba(log(n))
P<ogt§‘£g(n) N(log(n)) < a(log(n)) )

_ - o(n z 4 0(1) + by(clog(n))
- P(ogtgcﬁig(n)N tosto) < AT )

= P(a(clog(n)) sup  N(log(n)) — ba(clog(n)) < z+ 0(1)) — exp(—e~ %) as n — o0,
0<t<clog(n)

where the last line follows from convergence in distribution of a(clog(n)) supg< < 10g(n) IV (l0g(n))—ba(clog(n))

to a continuous distribution and Slutsky’s Theorem.

SA-4.3 Proof of Theorem SA-2

For simplicity, we denote i"5(x) by ji(x). We divide the proofs into two parts, one for uniform estimation

and one for pointwise results near the boundary.
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Part 1: Inconsistency for Uniform Estimation Rates

For notational simplicity, introduce the partial sum based on ordering for the ¢’s coordinate,

k
S(k,0) = en,y,  keln], L€,
i=1
and define the optimal index for splitting based on the ¢’s coordinate by

1 = argmax .# (k, ), ¢ € [p.
ke[n]

Consider the event
Imbalance, = {j=£,i <n’ori>n—n}
= {ml?xf(laﬂ) > max I (k,j), mgxﬂ(k:,ﬁ) > max J(k )}, ¢ € [p.
J

k€[nb n—nb]

Consider the case i < n® on Imbalance,. The other case where i > n — n® can be dealt with by symmetry.
Then

sup |fi(x) — pf?
xed

Z S(Zgz,g)z
[
>1 {S(ZMV L, (80 = 5, 0)* _ (S(n6) = S(w,f)q
1 7 n—1y n—1i

1 (m <S(k,£)2 L - S(k,z))z) - Sk, 0)? (n— S(k,é))2>.

~ min{y,n — 1} keé[ﬁ k n—=k Ln/IQIjl%}lign k B 1§l?%8(b§/21 n—k

where the last line is because 1, is the index that maximize the split criterion based on the ¢’s coordinate,
ie.,

n k n
e = arg max YW =07 =Y (miy = Sk O/ = D (yi — (S(n,0) = S(k, 0))/(n — k))?
cln i=1 i=1 1=k+1
_ S(k7€)2 (S(nv é) B S(k,é))Z
= arkger[lrll?x A + R .

Fix € > 0. Consider the events

S(k,0)?  (n—S(k,0))?
€ = > -
Aj { iré?wﬁ . + — > (2 —¢€)loglog(n) ¢,

S(k,£)? + ma (n—S(k,£))?

¢ { in/2)<k<n K 1<kt m—k o8 Og(n)}
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By [Cso6rgd and Horvath, 1997, Theorem A.4.1] limsup,,_, . P(A7) = limsup,,_, . P(Bj) = 1. Hence for any
e >0,

p
b
> Z P(Imbalance, N AN Bj) > - +o(1),

{=1

P( sup |(x) — pl? >
(sup 60 - -

(2 — 3¢) log log(n)>

where we have used the fact that Imbalance,’s are disjoint for different ¢’s and Theorem SA-1. Equa-
tion (SA-7) then follows.

Part 2: Inconsistency for Points Near the Boundary

Consider the event

0ff, = {j=¢,i € [n* n']}

= {max.7(k, () > max S (k, j), max 7 (k, () > max F(k 0} L€l
J7FE

k¢[n® ,n—n?]

Since my is the uniform permutation, we have

hm inf]}b(l'[,u Z nafl) Z hm infﬂp(‘ﬁg’ﬂ—z(na) 2 nafl) -1

n— oo n—oo

Together with Theorem SA-1,

b—a
2pe

P(0ff,, xp,, > na_l) > +o(1).

Then on the event 0ff, and zy,, > n® 1, for any x € [0,1]? such that xp < n® 1, we have z, < Zy¢,,, and

i) = i = 252
L(SutP , (S0 = Su0F _ (S0 S0 0)
17 17 n—1 n—1i
s L gy SO (SO SOOR (500 S00P)
) 1§k%{n k n—k 1gkg};b n—~k '

By similar arguments as Part 1, we can show

lminf inf IP’<|,&(X) P> (2+0(1))loglog(n)) > b—a

n—o00 XEXn ’rLb

which is Equation (SA-8).

SA-4.4 Proof of Theorem SA-3

Due to the recursive splitting and Theorem SA-1, the optimal split index 7 at the K,-th split (K, > 1) also
satisfies

. . . . b
llnrggf[?(z < nb) = llnrggf[?’(n—nb < z) > %"

Hence the same argument as Part 1 in the proof of Theorem SA-2 leads to the result.
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SA-4.5 Proof of Theorem SA-4

This follows directly from Klusowski and Tian [2024, Theorem 4.3], choosing g* = p and g = p, and changing
the sub-Gaussian rate to the sub-exponential rate by choosing U =< log(n) instead of U =< 4/log(n) in the
truncation argument step. The last statement follows from the proof of Klusowski and Tian [2024, Theorem
43].

SA-4.6 Proof of Theorem SA-5

Throughout the proof, we abbreviate the honest tree i"®(x) by ji(x). Recall (i,7) denotes the optimal
splitting index and coordinate for the decision stump. We use (y;,x; )M, to denote Dyon,1, which we used
to construct the causal tree. Denote by (7, 7) the splitting index and coordinate at the K,,-th step.

Use (9;, %, )V, to denote Dygy 2. By Definition SA-2, n < M, N < n. Then

sup [fi(x) — p| > |f(0) — pl
xeX

N - ~
Soim1 (U — W(Zi 5 < 2ry3)5)
A .
Do (T < x""j(i)aj)

Since §; L %X;, condition on ,j and X = (x1,- -+ ,%,), X = (X1, ,X,), we have

S (@ — W L(Fi g < Ty g) a
A 4
doim L(Fi5 < xﬂ'j(i)vj) i

(yl - M)a

<]
[\/j “

Il
-

where

By Marcinkiewicz—Zygmund inequality, for some positive absolute constant C, we have

7

1 1 (y; — )2 |1/2
o[-l xx] el £ 2 s
L= = !
1 s — )2 1/2
>C]E|:.,Z‘(y~u)‘ /Zaj7X7X/:|
i !
CE[ly; — p]
71/2 ’

where in the second to last line, we have used Jensen’s inequality, and in the last line we have used 7 is

measurable with resepect to the o-algebra generated by i, j, X, X’. Then by Paley—Zygmund inequality, for

34



any 6 € (0,1),

>(1-0) E[L -
E[(% Eﬁzl(yz——u))

> 01— G)QE[%M“'Q].

Now we want to obtain a high probability upper bound on 7 given 2. Let F' be the cummulative distribution
function of x;. Suppose 1 <k < N/2. Then F(x)) ~ Beta(k, M — k + 1). By a Bernstein bound for Beta
variables [Skorski, 2023, Theorem 1], we have for all € > 0,

P(F(x()) > k/M +€) < exp ( — i)

2v + 3
where for large enough n,
k(M —k+1) k
= < 277
(M+1)2(M+2) — M?

_2AM-2%+1) _ 2
T OMM+2) — M

Hence with probability at least 1 — M1,

log(M)k  _log(M)
7 +3 T

F(x@y) <k/M+2

Condition on X, 1(x; < x(x))’s are i.i.d Bernoulli(F'(x(x))). Hence condition on X and 7, with probability at
least 1 — N1,

N
Tog (M) F(x.x
i/N=n"1> 1(% < xg)) < F(x(3)) +2 w-

i=1

Hence condition on the event 7 < M?, we have with probability at least 1 — 2N 1,

i/n < aMb1 < Cnb_l,

/ |9H0N,2
Due to the iterative partitioning, the conclusion for Theorem SA-1 holds not only for decision stump,

where C is some constant only depending on liminf,,_,« |Duon,1|/|Duon,2| and limsup,, _, . | Duox,1
but also for the splitting index at arbitrary depth K, that is, for any b € (0,1), we have
liminf P(i < M) >

b
M — o0 26.
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Hence we have

]P’<|ﬂ(0)—u| > 96W> > > P(Iﬂ(o) — 29%

=Y P(WO) — > HW

El|ly; — u|?] b
5 Eflyi — pl] _op-L

This proves the conclusion.

SA-4.7 Proof of Theorem SA-6

For notational simplicity, we use T to denote the data-driven decision tree. We will follow the proof strategy
from Klusowski and Tian [2024, Theorem 4.3] condition on @r. Denote by % the class of constant functions.

Decompose ||(T) — pl|? = E1 + Eo, where
By = i) = pl® = 2(ly = &(MIE, = lly — wll3,) —a -8,
and

By =2(|ly — p(MI5, = lly — ull3,) +a + 8.

Denote the partition for T by . Since & is independent to Z,,, the bound (E.27) from Klusowski and Tian
[2024] does not apply automatically. Instead, we consider 4 as the reference class. Given the partitions of

T, the values of leaf nodes are obtained by least-square projection using &,,. This immediately implies
ly —2MI5, < ly—1l3, <lly—gl3,,
for any constant function g € 4. Hence for all g € %,

Eg, [Ea|27] < 2Eg,[ly — gll3, — ly — ul3, |27] + o+ 5
=2[g —pl* +a+p.

For the term Ej, we first assume |y;| < U. Observe that condition on D, i(T) is still a member of the class
%+ [P], which is the collection of all piecewise constant functions (bounded by U) on the partition &. Since
for any ¢ € (0,1),
2\?"
N((C:U’ g""' [gj]’ ”'”Px"u) < N(EUv g”lT [9}], ””oo) < <5> ;
we can still use Gyorfi et al. [2002, Theorem 11.4] and the same argument from Equation (B.30) to (B.33)
in Klusowski and Tian [2024] to get

K
202\ 2 anT
Py (Ey > < =22 _ .
2, (F1 20 2r) < ( 3 ) CXp( 2568U4>
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49K
The result then follows choosing a = mﬁlog(") and f =< %2, and truncation argument over the sub-

exponential €;’s.

SA-4.8 Proof of Theorem SA-7

In this section, we prove Theorem SA-7. First, we define some notation related to the tree construction
which will be used in the proofs. Let 7y be the number of observations in the node containing z = 0 at
depth k, 7 be the CART split index of this node, and j; be the CART split coordinate of this node, with
fig = n and 9 = i (recall that 7 is the split index for the decision stump (SA-5)). Then, the left-most cell at
the k-th level can be expressed as t N [0, 2, i, _,)] and g = 7p—1.

Lemma SA-38. There exist 6 € (0,1), ¢ > 1, and a positive integer M such that for any depth k > 1 and
m > M, we have P(ig, <m) > (1 —0) - P(fig—1 <m)+6-P(fig—1 < m°).

Proof. Observe that if m is a positive integer, then 751 | ix—1 = m has the same distribution as 7y | 79 = m,

because of the honest tree construction and Assumption SA-1. Therefore, we can apply (SA-6) to obtain
P(m® < Ty <m’ | fg—1 =m) 26 >0, (SA-26)
for some & > 0 and sufficiently large m. Hence, by (SA-26), we have for m sufficiently large,

P(ﬁk <m|m< g1 < ml/b)

> min P(i* <iq <80 | g = )P (R <m | i <dpog < 40)

m<i<ml/b

> 45 i P(7;, < i< h_g < b ;
25 min B <m|i* < < 7) (527
> min P(fp <ip_q|ip_1 =1

>0 min (v < 1 | Tk = 1)

= 4.

Now, taking ¢ = 1/b, note that (SA-27) implies Lemma SA-38 since, for m sufficiently large, we have

P(ng <m) =P(ig <m, g1 >m°) + Py <m, fg—1 < m°) (SA-28)
> P(nr <m, g1 < m°) (SA-29)
=P <m, fg—1 <m)+P(Ag <m, m < ng_1 <m°) (SA-30)
> P(g—1 <m)+d-Pim < ng_1 <m°) (SA-31)
=(1-=10) P(fig—1 <m)+0 - P(Ag_1 <m°). O

Next, we use Lemma SA-38 to finish the proof of Theorem SA-7. The main idea is to establish that the

terminal nodes in a shallow tree will be small with constant probability.

Proof of Theorem SA-7. For notational simplicity, we denote ji*(x; K) by a(Tk)(x).
Define n, = N(l/c)[, where N = n/K,,. We will show by induction that for any k¥ > 0 and ¢ > 1 such
that n, > M,

k /
P(fiy < mg) > Y (k a 1) (1—§)¥~tst.. (SA-32)

o= -1
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The base case of k = 0 is trivial since 79 = N. Now, assume that for some fixed k¥ > 1 and any ¢ > 1 such
that ny > M, we have

k—1 1
P(fig-1 < np) > ( )(1 ) L (SA-33)

-1
k'=t

If £ > 2, then substituting our induction hypothesis (SA-33) with ¢/ = ¢ and ¢ = £ — 1 into Lemma SA-38,
we get that

k—1 ,
P(ig, < ng) > (1_5)2(’2_11)( — )Mt 1+ 5 Z (£2> — M gt (SA-34)

k'=t
N
-y (6_ 1)(1 o)t (SA-35)
k'=¢

where we used Pascal’s identity. This completes the inductive proof of (SA-32).
Let X ~ NB(L,d), i.e., the number of independent trials, each occurring with probability ¢, until L

successes. Choose
L = [log log.(N) —log,log . (M) — 1] < loglog(N), np = N/ ¢ [M, M€].

y (SA-32) and Markov’s inequality applied to the tail probability of X, we have that
US|
Pk <ng) > Y ) (1= o) LSt
(nK_nL)_k/:L <L—]—)( 6) 6

=1-P(X>K+1)
E[X]

>1— (SA-36)
- K+1
B
(K +1)
1
> By
2

as long as K > 2L/6 2 loglog(N). By the Paley-Zygmund inequality [Petrov, 2007] and the fact that
Var(f(Tx)(0)) = E[1/nk] < 1, we have

. EIaTx) O o EIaT)ON?  E[IuTx)©0)])?*
IP’(W(TK)(O) > 2K )> NG00 > Z . (SA-37)
By the honest construction of the tree and (SA-36), we have the lower bound
B0 = 3| zyl] frc = b)
1
> i EHli U; }IE”(~ < [nL]) (SA-38)
2 B[ [P <
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Since a sum of independent random variables is almost surely constant if and only if the individual random
variables are almost surely constant, it follows that the last expression in (SA-38) is bounded away from

zero. Returning to (SA-37) completes the proof. O

SA-4.9 Proof of Theorem SA-8

For simplicity, denote i*(x) by i(Tk)(x), and N =n/(K + 1) denotes the sample size for each folds in the
X sample splitting scheme.

Let ty,t2,- -+ ,tyx denote the 2K leaf nodes in the decision tree, (if a node cannot be further refined,
we duplicate the split indices and values at the next level). And let Ny, Na,---, Nox and mq,ma, -+, mox
denote the number of observations and the Lebesgue measure of the 2% leaf nodes, respectively. Note that
N = (N1, -+, Nox ) are independent of the §; data by the honest condition and the z; data per Assumption
SA-1.

Claim: Condition on N', my ~ Beta(Ng, N — N + 1)

Thus, the IMSE can be bounded as follows:

oK r n 2
E[ / (ﬂ(TKxx))?Px(dz)] =2 E|m <]1(]Vjv,fm > gilixi € m)) ]

Proof of Claim: We show by induction. Base Case: K = 1. For decision stumps, for some coordinate

J € [pl, we have m; = x(n,), and ma = (N, +N,) — Z(n,) = 1 — T(n,). By Assumption SA-1, the order
statistics x; (;) is independent to N. Hence my ~ Beta(Ni, N — Ny + 1), k=1,2.
Induction Step: K > 2. Let t7™ be a (K — 1)-th level node, we annonate all relevant depth K — 1 infor-

mation with superscript prev. We already know condition on NY™, .- N2, m**" ~ Beta(N/"", N —

NP™ 4+ 1). Suppose t]"°" is divided into to,ty41 with Lebesgue measure and number of observations

given by ma;, mai41 and Noj, Najyq, respectively, and the split is based on coordinate j € [p]. By As-

sumption SA-1, condition on x; € t/"*", x; ~ Uniform(t)™"). Hence condition on N, Ny and m}™",

we have mag;/mP™" ~ Beta(NP"™, N — NP +1). Hence condition on N = (Nj,---,Nyx), we have

my, ~ Beta(Ng, N — Nj, + 1), 1 < k < 2K Induction then concludes the proof.

SA-4.10 Proof of Corollary SA-9

This is an immediate corollary from Theorem SA-1.

SA-4.11 Proof of Corollary SA-10

This is an immediate corollary from Theorem SA-2.
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SA-4.12 Proof of Corollary SA-11

This is an immediate corollary from Theorem SA-3.

SA-4.13 Proof of Corollary SA-12

This is an immediate corollary from Theorem SA-4.

SA-4.14 Proof of Corollary SA-13

This is an immediate corollary from Theorem SA-5.

SA-4.15 Proof of Corollary SA-14

This is an immediate corollary from Theorem SA-6.

SA-4.16 Proof of Corollary SA-15

This is an immediate corollary from Theorem SA-7.

SA-4.17 Proof of Corollary SA-16

This is an immediate corollary from Theorem SA-8.

SA-4.18 Proof of Lemma SA-17

Since the number of coordinate p is fixed, we can use a union bound over the approximation error for the
p coordinates. Hence w.lo.g. we can assume p = 1 and drop the second index on the coordinate ¢ from
IPM(k. f) and S PY(k, () everywhere. And throughout, we assume the data is already sorted so that

1 <29 <L gy

Expand the square, we have for any k =1,2,--- ,n,

tr tr tr tr tr tr

FOM(k) — TRy — k(nnf k) <7A_DIM(k) DIy 7—_tlfw.a(k) B 7—_IPw(k)) (%DIM(k) _DIN(Ry FTP (g 7—_tIIr;w(k)) )

=:Ry (k) =:Ra(k)
(SA-39)

We focus on the case where 1 < k < %, the other case where § < k& < n follow from symmetry. Consider
the term Ro(k). First, consider the term corresponding to ¢ from 1 to k. The other term corresponding to i
from k + 1 to n can be handled similarly. Breaking down y;(1) = p1(x;) + €;(1) and y;(0) = po(z;) + £:(0),
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we have

P Zyl 1) 1<ds S —d)y(0) 11 di_
| Ry (K ‘ _ = (1) — + = ) + counterpart for tg
kgf zi&u cm kgl e
Zzlde DLy z 1%1 di _
kz:lf dl) k =1 1= g
) 1 1 &, 1-d

‘Zz k1 d'&(l ‘
z k+1d

~n_ki<—1\ \ZZ ’Z*;ll)df”\

‘Zz 1 le (z;) 25:1(1 — di)po(z;) Z?:k—&-l dipir (z;) i Z?:k-&-l(l —di)po(z:)

Zf:l(l - dz) Z?:k—‘rl dZ Z?:k-‘,—l(]- o dz) . (SA—40)

Notice that Assumption SA-2 (ii) implies that the last term is zero. Since x; L d;, even though the data
is ordered according to z;, {d;/§ —1:1 < i < n} are i.i.d mean-zero with bounded second moment. By
Theorem A.4.1 in Csérgd and Horvéath [1997],

max Vk- ‘ —1)‘ = Op(+1/loglog(n)).

rn<k<n—ry

Take b; = >, .y, d¢- By Equation (8) from Shorack and Smythe [1976], for any A > 0,

P < max

rn<k<n—ry

L dieill) aiVl(1)]
m‘ > A(di)i<i<n | <16 Z T)\

T <t<n—ry
Ly
<16 ; ?A Vies(1)]

< AT Ve (1)]

OJ\OO

1
brn 7
The assumption that lim inf, o py, loglog(n) = oo implies liminf,,_, » 7, = co. Hence

T 1

) =t (64 - D@ -0) = 0slri).

noi=1

Hence uncondition on (d;)1<i<n, and we have

Zl 1diei(1
k
Zz 1d

max
rn<k<n—r,

‘ = Op(r1/?). (SA-41)

Hence

R )

rp<k<n—r, f Tn
=1

By similar arguments, we can show the same bound holds for other terms in the first two lines of Equa-
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tion (SA-40). Hence

max \/E|RQ(1€)|_0P< loglog(”))

rn<k<n—ry

Under the assumption that pug = ¢g and p1 = ¢1, we have

k

Stidw  Ig~di g S0 -ddy 1S 1-di
‘ ’fgf Y1 dy) k;hfgl
oy 1da clydi gy T(-d)s©) I 1-di
‘ kgf Y (1= dy) ’figl—é&

By Equation (SA-41) and Theorem A.4.1 in Csérgd and Horvath [1997] for the terms k—1 Zle £ tdigi (1),
E=1F (1 =€) 711 — d;)ei(0) and the counterparts for ¢z, we have

rp <k<n—ry,

max  Vk|Ry (k)| = OP< log log(n)).
Putting together the parts for R; and Ry, we have

max | SPM(k) — (k)| = op(logk’g(”))

rp<k<n—ry, 7,71/2

SA-4.19 Proof of Lemma SA-18

Since the number of coordinates p is fixed, we can use a union bound over the approximation error for the
p coordinates. Hence w.lo.g. we can assume p = 1 and drop the second index on the coordinate ¢ from
IPM(k. f) and S PY(k, () everywhere. And throughout, we assume the data is already sorted so that

IN

1 < To <z,

For1 <k <s,andn—s, <k <n, Equations (SA-39) and (SA-40) still hold. W.l.o.g assume 1 < k < s,.
First, we upper bound the IPW terms. Definition of s,, and Equation (A.4.3) in Csérgé and Horvath [1997]
imply

‘ Op(un), (SA-42)

max
1<k<sn

1 <L d
_ —Zai(l ‘
VDN

with u, = \/pn loglog(n). Also Equation (A.4.2) in Csérgd and Horvéath [1997] imply

n

max Vk - ﬁ > G ‘+\f ‘ — Z ¢ ‘ Op(vn), (SA-43)

1<k<sn ) 5
i=k+1 1=k+1
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where v, =, /#2—loglog(n). Again Equation (A.4.3) from Csérgé and Horvéth [1997] imply that

k .
% ; (% - 1)‘ = Op(up).

Take b; = 3, -/, d¢- By Equation (8) from Shorack and Smythe [1976], for any A > 0,

max
1<k<sn

S dies(1) AV -2
S A ) <16 3
=1 """ 1Sissn Z

Pl max
1<k<sp

<16 Y éA‘QV[ei(l)]

1<i<sp
8
< SN V()
Hence uncondition on (d;)1<i<n, and we have
k
g digs(1
ma 2iz1 dici(l) )‘ = Op(1).
1<k<sn

k
Zi:l d;

It follows that

k k
max k . w - — E 51(1)‘ — max
1<k<sn S d; k

i=1

7 zk: (% B 1) ' Zfz_i;(l)‘ = Op(uy). (SA-44)

Putting together the above equation with Equation (SA-42) and using a similar argument for the control

group,

max ’Ez  dieill ’ +VE- ’E )ai(o)‘—op(un). (SA-45)
SF L d;

1<k<sn d;)

Apply Equation (A.4.2) in Csorgd and Horvath [1997] for the partial sum with at least n — s, terms and

using maxi<p<s, |27 Yorepy1 (di — )| = op(1), we have

max V- ‘M‘: max V-

1<k<sn ‘ D @

ik 3 dmu)‘

1<k<sp z k+1d i=k+1
5 - IR
< n (§ + ) - max Z die; (1)
n — Sy 1<k<5n n—kz k+1 1<k<s, ‘/n_ki—kﬂ

The same bound hold for maxi<x<s, V- |%(1d);31)| by a similar argument. Putting together Equa-
tions (SA-42),(SA-43), (SA-45), (SA-46), we have

max max VE|R(E)| = Op(uy, + vy,).

From the decomposition in Equation (SA-40) and the symmetry for k € [1,s,] and k € [n — s,,n], the

conclusion follows.
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SA-4.20 Proof of Theorem SA-19

We break down the proofs into two steps.
Step 1: Approximation of reg-score by ipw-score

Let 0 < a < b < 1. Let p, be a sequence of real numbers taking values in (0,1) to be determined, and
take s, = exp((logn)?*). Then for large enough n, we have s, < n® < n® < n —s,. Consider the event
Ay = {30 € [p] : maxyepn) LMk, ) > maxgg(s, n-s,] L0 (k,£)}. By Equation (A.4.18) from Csérgd and
Horvéth [1997],

FI(k, 0) = Op(y/ pn log log(n)).

max
1<k<sp,n—sp,<k<n
Then controlling the difference between ™ (k, ¢) and .#°™(k, ¢) by Lemma SA-18,

Sn

IPM (K, 0) = Op (pn loglog(n) + log 10g(n)> (SA-47)

max
1<k<sn,n—s,<k<n n

By Lemma SA-17 with the choice 7,, = s,

_ 1/2
max SPM(E () =  max Ik, £) + OP<1(%10%/(?))
Sn

sp<k<n—sn sp<k<n—sp
- - log 1 1/2
> max \/ S (k,0) —  max \/JIPW(k,E)Jrop(OgO%(m).
1<k<n 1<k<sn,n—spn<k<n Sn/4

Equation (A.4.20) in Csorgé and Horvath [1997] imply that (2loglog(n))™/2 max)<j<, /S P (k,£) =
14 op(1) and (2loglog(n)) ™2 max)<i<s, s, <k<n VI (k, £) = po(1+ op(1)). Hence

- 1/2
max \/ I (k 0) > \/2loglog(n) + Op n loglog(n)) + Op M SA-48
\/ (k,£) > \/2loglog(n) (v/ pn loglog(n)) T/
Sn

1<k<n
Choose loglogloglog(n)/loglog(n) < p, < 1, then by Equation (SA-47) and (SA-48),

DIN _ DIM _
1§k§snr,rrlzzi)§n§kgnj (k,£) = op(loglog(n)), and , Jnax IOk, £) = v/2loglog(n)(1 4 op(1)).

Hence

I (K 1) = O]p( max JDIM(IC,E)) L€ [p],

max
1<k<sn,n—sn<k<n sn<k<n—sn

which by a union bound implies

limsupP(A,) = 0.

n—oo
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Observe that on the event A¢, the argmax for .#P™ should be inside [s,,n — s,]. Hence

) DIM DIM(}. - DIN DIN
IP’(EM € [p] .m]?xf (k,0) > ir’bzg%] (k,7), m}gx] (k,0) > kgr[rrlbgﬁb]] (kl))

> P(Hf € [p] : max £ (k, ) > max Sk, ), max Sk, 0) > max Sk, () and A;;) —P(4,)

k,j#¢ k¢[n® nb]
2P(3£e pl: max IPM(E 6>  max  SPM(E, ),
kE[sn,n—5n] FE
k€E[sn,n—sy]
ax  IOM(k () > a P k,é)fZIF’A .
T E L o SN L (4n)

Now we focus on the first term. By symmetry in the p coordinates,

P(aze[p]; max  SPM(k,6) > max  SPM(k,j), max S M(k,6) > max JDIM(k,€)>

k€[sn,n—s;] J#t k€[sn,n—sn] k¢[n® nb
k€[sn,mn—sn] k€lsn,n—sn]
= p]P’( max  SP™M(k,1) > max  SPM(kj), max  SPM(k 1) > max  sPM(E, 1))
k€[sn,n—sn] J#1 k€[sn,n—sn] k¢[n®,n"
k€[sn,n—sn] k€E[sn,n—sn]
> psupIP’( max IP™M(k,j) <z, max SIP™M(Ek 1) >2> max ISP, 1))
2€R J#1 k€[sn,n—sn] k¢ [n® nb
k€[sn,n—sn] k€E[Sn,n—8n]
> psup]P’( max IPM(k,j) <z, max IPM(E, 1) < z)
2€R J#1 k¢[n® n"]
k€[sn,n—sn] k€E[sn,n—sn]
—p]P’( max SIPM(k,j) <z, max IPM(k 1) > z)
J#1 k€[sn,n—sn]

k€E[sn,n—sy]

Then using the fact that .#™"(k, £) approximates .#°™(k, ¢) from Lemma SA-17, we have

IP’(EIEG[p]: max  SP™M(k,0)> max  SP™(k,j), max ISPM(k,6) > max f‘””(k,é))

kE[Sn,n—Sn] J;ﬁf k€[57z7n_3n] k¢[na,nb]
k€[sn,n—sn] kE[Sn,n—5n]
> psup]P’( max Ik, j) < z—wv,, max Ik 1)< z- vn>
z€R J#1 k¢[n® n’)
k€[sn,n—sn] kE[sn,n—sn]
—p]P’( max Sk, j) < z+wv,, max IP(k 1) > z—vn),
J#1 k€lsn,n—sn]

kE[sn,n—sy]
—1/2
where v,, = Op(loglog(n)s, 7).

Step 2: Ipw-score approximation by Gaussian approximation

Observe that the choice s, = exp(log(n)f~) for loglogloglog(n)/loglog(n) <« p, < 1 implies v, =

45



op((loglog(n))~1/2). Let € > 0. Then

z€R J#1 k¢[n®,n®
© k€[sn,n—sn] kGFs[n,nfs]n]
P( max Ik j) < z+wv,, max Ik 1) > z—vn>

€[sn,n—5n]
ke[sy1 ,n sn)

sup]P’( max S(k,j) < z—v,, max Ik 1)< z- vn)

> sup}P’( max I ) < 2 — ;, max Sk 1) <z — ;)
z€R 2loglog(n)" kg¢[n®n’] 2loglog(n)
ke[sn n—sp] kE€[sn,n—sn]
IP’( max I 5) < 2+ ; max Sk, 1) >z — ;)
ke[ | 21oglog(n) kelsn.n—sn] 2loglog(n)
€
P(|vg| > —————).
(lon] > v2loglo n)
g log
Choosing z,(u) = 2log log(")ﬂ/i;)zgllogllog(("))+“_1/2log(”), and from the proof of Theorem SA-1, we have
og log(n
fmint sup B R P—— p P ———
00 ilelg ke[rﬁ?f( | (k.j) < 2 v2loglogn kggr[ryll%ﬁb] (k1) <2 v2loglogn
SnsM=58n k€[sn,m—sn]
—}P’( N el N P e — I 1) > —;)
. [Igg( | (k,j) <=+ v2loglogn ke[sryr,,l,arbz)isn] (k1) > 2 v2loglogn
€|Sn,n—5n
€
P D
(Ion| 210glogn)
> lim inf IP’( I ) < —;, K1) < —;)
= n5o ek ke[r}% ] (el < 2ol VZIoglog 1 kelntm') (1) < 2nl) V2loglogn
Sn,M—58n k€E[Sn,m—8n]
—IP’( I, 5) < 2, —_—_ I 1) > 2, 7;)
. [I}l;?i( | (k. ) < 2n(u) + v2loglogn ke[sr?i)isn] (ks 1) > zn(u) v2loglogn
€lsSn,Mn—5n
B([vn| > —m—e)
" V2Ioglogn”’
g log
_ -1 _
> liminf sup]P’( max Ik, 1) < z,(u) — ;)p ]P’( max Ik, 1) < z,(u) — ;>
n—=00 yeR  \kE[sn,n—sn] v2loglogn k¢[n® n] v2loglogn
ke[snan_sn]
- IP( max Sk 1) < z,(u) + ;)pilﬁ"( max Sk, 1) > z,(u) — ;)
. [j;él | v2loglogn k€[sn,n—sn] v2loglogn
€[Sn,n—Sn
> sup exp ( —2p— 1)67(u76710g(2))> exp ( _ 267(u76710g(27(b7a))))
u€R

—exp ( —2p— 1)e—<u+e—1og<2)>) exp ( _ 26—(u—e—log<2>>).

Now let € | 0, and then all previous steps together implies

B _ DIN DIM(7. DIM DIM
hnnilgfﬂ”(ﬂf € [p]: m}gxﬂ (k,0) > lIcl,lja;éXej (k,9), m]?xf (k,0) > k¢r[1711%§b] 5 (k,é))

> sup exp ( —2p— 1)6—(u—log<2>>) (exp ( _ 2€—<u—log(2—(b—a>>>) — exp ( _ 26—(u—log(2))))
u€eER
b—a

> .

- 2
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SA-4.21 Proof of Theorem SA-20

The proofs follow the essentially same logic as the proof for Theorem SA-2; with some tricks for the random

. o digi(1
numerator in %ldl).
Elgigk i

Part 1: Inconsistency for Uniform Estimation Rates

Denote the optimal index for splitting based on the £’s coordinate by

ipmv,e = argmax "M (k, £), ¢ e [pl
ke(n]

For notational simplicity, denote

_ 2acisk m@Em (1) Picicrn(l — dry(i))Em(@) (0)

Mk, 0) = Mk 0) — T ,
v g Zlgigk dw(z’) 2131‘9(1 - dm(i))

A0 = o ).

_ 2i<izn Im@fne @) Xicicn(l — dr@)em (o (0)

Rk, €) = TR, €) — 7

Zk<i§n dr, (i) Zk<i§n(1 —dry(i)) 7
TR (0) = 7R (ipmme, ),
and consider the event
Imblced™ = {max #P™(k, ¢) > max #P™M(k, j), max #P2M(k,¢) > max IPM(k, 0)}, L€ [p].
k k,j#L k k¢[nb,n—nP]

Since we assume p9 = ¢ and pq = ¢ with ¢; — ¢o = 7, we have on Imblced)™ N {D™ < n/2},

sup |7(z) — 72 > 72™M(¢)?
el

1

~ min{ipim, ¢, 7 — iDIM0}

(iDIM,zTEIM(@Q + (n — ipm,e) TR0 — (0 — ipm,e) TR (0)* L (ipmv,e < n/2)>

(SA—49)
Take 7P = LInM’Z 7o+ 7"4?“’@7"%”. Then
’ZDIM’szIM(ﬁ)Q + (TL — ’ZDIM’z)ﬂ%IM(EF > ’ZDIM’szD‘IM(K)Q + (n — ’ZDIMﬁz)ﬂ%IM(Ey Y

) R 2

ZDIM,E(” —ipme) (o —pmw

= TL — TR
n

By Lemma SA-17 and Lemma SA-18 with r,, = s,, = exp((logn)?~) for loglogloglog(n)/loglog(n) < p, <
L,

~ 5 2 rpw __ pipw 2
0 n—1i PV (n —i
Do e( - piv.e) (TEIM — TID%IM) _ P(n - i) - ) (TEPW — TII%PW) + op(loglog(n))

= 7 IPW
= max J(k) + op(loglogn).
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By Theorem A.4.1 in Csérgd and Horvéath [1997], maxi <<, & FV(k) = 2loglog(n)(1 + op(1)). Moreover,

Zlgigk dﬂ'e(i)gﬂ'e(i)(l) . Zlgigk(l - dwe(i))gm(i)<0))2
Z1gigk dw(i) El<i<k( - dm(i))
<Zl<i<k dm<i>5w<i>(1>> o <21<z<k( - dwe<i>)8m<z’>(0))2
Zlgigk d‘n’z(i) Z1§igk(1 - dﬂ'l(i))

ipi,e7r (€)1 (ip,e > n/2) < ]gla%k <

< max 2k -

k>n/2

For simplicity in showing the upper bound for ¢pms,¢7 DIM(()zll(iDIM,g > n/2), we assume 7 is the identity
permulation. Take b; = Z1§j§i d;. By Equation (8) from Shorack and Smythe [1976], for any A > 0,

( max ‘Zl 1digi(1 )‘ > )\‘(di)1<i<n> <16 Z %AQ

k>n/2 d iSmr2 :
<16 Z A72V[e;(1)]
Z>bn/2

8 22\ 2 1
A Ve (D] —,

< STl

And since d;’s are i.i.d with E[d;] = £ > 0, we have
9 n/2 -1
(buj) ™ = (0/2) 7 (4 =D (di =) = Os(n 7).
i=1

Hence uncondition on (d;)1<i<n, and we have

S diei(1)) B
knzlg;(zk : (m) = Op(1) = op(loglog(n)).

By a similar term for control, and a symmetric argument for the right node,
it (0L (ipm,e > n/2) 4+ (n— o) T (0L (ipna,e < n/2) = op(loglog(n)).
Fix € > 0. Consider the events
A= {iDIM,ZTEIM(Z)2 + (n — o) TRM(0)? > (2 — €) log 10g(n)}7
B = {iDIMﬁEIM(e)%l(zDIMl > n/2) + (n — ipnne) TR (0 L (ipne < n/2) < 2¢log log(n)}.
The above arguments show that liminf, ., P(A$) = liminf,,_,. P(B;) = 1. From Theorem SA-19,

b
P(Imblce)™) > —
pe

It then follows from a union bound argument that

[ -

liminf]P’<sup | 758 (x) — T ZJTL*bﬂ\/(Q"‘O (1)) log log(n )) B

n—oo xeq

Part 2: Inconsistency for Points near the Boundary
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Fix z € & such that z; < n®'. Since the order statistics @(ay, = n* (1 4 0p(1)), on the event

n® <ipmre < n’ if 2o < (1 + 0p(1))n® 1, then z, < T(nay < T(ipn.),e> and on the event Tmblcep™,

1
iDIM 0
> iDIIM,e (éﬂ;g{n kM (K, 02 + (n — k)T (k, £)? — ’Icrgl)g(n — k)T%IM(k,E)Q)
(2 + op(1)) loglog(n)

IDIM, ¢
2+ op(1)) oglog(n)

- nb 9

Fone(z) — 7* = T2(0) > (iDIM,ﬁEIM(@2 + (n— o) TR (0)? — (n — 5D1M,e)7_'1]?‘cm(€)2>

where the second to last line is due to a similar argument as in the proof of part 1. By a symmetry argument

for the event {n —n’® < ipime < n—n®}, we have

e . _ b—a
hnrggéfxlenign IP’(|T§IIS§(X) — 7] > on72/(2 + 0o(1)) loglog(n)) > 5o

where %, = {x € [0,1]? : z; = o(1)n® L or 1 — x; = o(1)n®~! for some j € [p|}, and o2 = yded) 4

3
(1*di)yi(0)]
T—¢ I

SA-4.22 Proof of Theorem SA-21
Due to the recursive splitting and Theorem SA-19, the optimal split index ipmy at the k-th split (k > 1) also

satisfies

b
lim inf]P’(iDIM < nb) = lim ian(n —nb < iDIM) > —.
n—00 n—00 2e

Hence the same argument as Part 1 in the proof of Theorem SA-20 leads to the result.

SA-4.23 Proof of Theorem SA-22

For notational simplicity, denote 7hsg by 7, the data-driven partition @t by 2.

Reduction to least square prediction error.
Observe that the leaf nodes value coincide with a least square projection given &: For t € P, we have

#(t) = by, where

- argmin, , > 7 L(x; € t) (g —a—bd;)? ifY 7 A(x; €t) >0,
A, Oy =
0,0 otherwise.

Consider the outcome prediction model based on partition :

§(x,d) =Y " A(x € t)(as + bed)

teP
= A(x) + B(x) d, (SA-50)
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where

Ax) =) I(xetha, Bx) =Y L(xethb.
teP tep
First, we show that for Lo-consistency of treatment effect estimation, it is enough to look at the Lo loss
for outcome prediction. Denote by Px g the joint distribution of (x;,d;). Since we assumed x; and d; are
independent, we have Px 4 = Px x P4, where Px and P, are the marginal distributions of X and d. Given

Assumption SA-2, the target outcome prediction model is
9" (i, di) = Blyilxi, di] = p+7 iy p=Ely:(0)], 7=E[y:(1) —w:(0)]-

Hence

=E [%x{o 1}(g(x,d) — u—T12)*dPx 4(x, d)}

(A(x) + B(x)d — ju — 7d)?dPx (x) x Pd(d)]

(d (A(x) + B(x) = p = 7) + (1 = d) (A(x) — u))*dPx (x) x Pd(d)}

—E / d (A(x) + B(x) — i = 7% + (1 — d) (A(x) — p)?dPx (x) x Pd(d)}
Zx{0,1}

=E[¢ | (Ax)+ B(x) —pu—7)°dPx(x) + (1 - ¢) /% (A(x) — p)*dPx (X)}
=¢E[|A+ B —p—r|*1+ (1 - OE[IA - ). (SA-51)
It follows that

E[ll# - 7|*] = E[IB - 7]*] < E[llg - g*[I*.

4
min{@ 1- 5}

Error Bound for Least Square Prediction.

Now, we bound the least square error E[||g — g*||?] following the strategy for [Klusowski and Tian, 2024,
Theorem 4.3]. First, assume |y;(¢)| < U,i=1,2,--- ,n, t =0,1, for some U > 0. Decompose by

19— g*1* = By + Eo,
where

Bi=g-g"17 =2(ly - gl — ly - g"l5) — a = 5,
By =2(ly = gll5 — lly — 9"1I5) + o+ B.
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The least square representation (SA-50) implies that
n
_ a2 < : b dY2 < ey — 1y — 2l 12 _
ly=dlls < min > (yi—a=bd)” <lly—p—7dl5 =y -9l (SA-52)

which implies
E2 S o+ 5

We control Fj using uniform law of large number arguments. Notice that § is one member of the class
9, = {A(x) +d B(x) : A, B € 4,}, where ¢, is the class of piecewise constant functions (bounded by U)
on partitions P € 11,,. Here

Hn - {9’({(X1ad17y1), e 7(Xnudnayn)}) : (Xiydhyi) S Rp x R x R}a

is the family of all achievable partitions & by growing a depth K binary tree on n points by iteratively
splitting in x-space based on any criterion. By [Klusowski and Tian, 2024, Equation B.33],

NE < 4172\ 2"
qou 7o WMl 1 )= AP B '

A union bound then gives

N B 4172\ 2"
80U7 ny Pxn,1 | > np ﬁ )

where Pxn is the empirical measure based on X" = (X1,--- , X,,), X; € RP for all 4. Since § € ¥,,, we can
then use [Gyorfi et al., 2002, Theorem 11.4] to get

P(E, >0) <PGge%:[19-g"II° >2(ly -l — lly—g*[5) +a+5)
ﬁ an
<14 N g’rﬂ : n p——
=8P (SOU’ Ilpsnt Jexp | = o5

< 28( )21( 417eU? e an
X —_ .
= “O\TP 3 P T 256804

2
,and 8 o< L=, then we have
n

. 42K
Choosing o o %W

N N U42K log(n U2
Bllg - o' < o 220, B,

where C' is a positive universal constant.
Now we relax the condition that |y;(t)] < U. Take A = {|y;(¢)| <U,Vi=1,--- ,n,t =0,1}. Then

Elllg - g*I°] = Elllg — ¢"IP1(A)] + E[llg — ¢7[*1(A%)]

<o B O gl - ) (s4-59)
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A union bound gives

P(A%) <nP(|y:(0)] = U) + nP(jy:(1)| = U)
< nexp(—|U — pol) + nexp(—|U — p1l).

Using Cauchy-Schwarz inequality,

E[lg - ¢*[PL(A)] < VE[Ig - g*[]P(A°)

< 4 i(£)4 —|U = pe])-
_\/8nglg§(ut+E[€z(t) }) nmax exp(~U — )

Choosing U = max{uo, u1} + 4log(n), we have

Efllg — g*[*1(A%)] <

31Q

for some absolute constant C. Putting it back to Equation (SA-53), we get the desired conclusion.

For the high probability bound, the same analysis as Equation (SA-51) in almost sure sense gives

17 =7l <E[IB —7l*] <

4 ~ * (12
_mllg*g [

almost surely. Using sub-exponentianity of €;(t),
g — g*|L(A) < E11(A) + E21(A)

42K1 2
SQ(U og(np)JrU)

n n

with probability at least n~¢2, where C; and Cj are some positive absolute constants. Sub-exponentianity
of g;(t), 1 <i < mn, t=0,1, implies that P(A°) = n~% if we choose U = Cylog(n), where C3 and Cj

are positive constants only depending on the distribution of (¢;(0),¢;(1)). Combining with the previous two

inequalities, we get the second conclusion.

SA-4.24 Proof of Theorem SA-23

Recall (i, ) denotes the optimal splitting index and coordinate for the decision stump. Denote 7oy

#(x) for simplicity. We use (y;,x; )M, to denote Dyqy 1, which we used to construct the causal tree. Denote

by (2,7) the splitting index and coordinate at the K, -th step, based on Doy 1.
Use (7;,%; )Y, to denote Duow,2- Then

sup |7(x) — 7| > |7(0) — 7]
xeX

S diE(WA(Fi < @ry),5) B S (1= di)Ei(0)1(i5 < T3 )

N 7 ~ N ~
> oim1 dil(Zi 5 < ) 5) Y1 (L= di)l(Zi 5 < Try3),5)
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Since (£;(0),&;(1)) L %;, condition on 7,7 and X = (x1,--- ,Xp), X = (X1,--- ,X,), we have

Y diE (L@ < wre)g) | S (1= d)E (0L < 2, 5)
Yo dill(Ei5 < Ty 3),5) Yo (1= di) (& < Try(3),5)
a i diei(l) i (1—di)ei(0)
> di Y (—d)

where

N
P=) (& < Tnya),5)-
=1

Call

’21 Ldiei(l) Y, (1 - di)ei0)
z 1d Zf:l(]' _dl) .

High probability lower bound on Z. Denote n; = Zle di,ng = Zgzl(l —d;),ng +ny = . And
consider the weights w; = % — 1;—5[1’, so that Z = | 25:1 w;e;|. By Marcinkiewicz—Zygmund inequality and

a Jensen’s inequality on the square root function, for some absolute constant cyyyz,

E[Z | D,i HZ’U} g
> cMZE[(; w?s?) 2 ‘ D, Z}

T

d; L1—d; 1/2
2 CMZE[<Z nf%é?i(l)z—i—ZTgEi ) ‘ D L]
=1

=

]

T

S oz Z@\/%i”l Ele: (D)2 + (1 — di)@ E[=:(0)7])

ng + nq

=Mz (\/V )]+ \/V[E(O)])

Moreover, Assumption SA-2 implies that

Yoy GEl(1)?] | S (1~ d)EL(0)

2

E[Z? | D,i] =
ny ng

v

s no

<1+1)MMW(HVM@H

The Paley-Zygmund inequality implies for 8 € (0, 1),

P(Z = 6E[Z | D,1] | D,i) = (1 - 9%%
> (1 - 62) min{V[e;(0)], V[e;(1)]} non1 (SA54)

max{V[e;(0)], V[e;(1)]} 2
Condition on i, ng ~ Bernoulli(z, ). Hence

min{V[e;(0)], V[e;(1)]}
max{Vl[e;(0)], V[e;(1)]}

P(Z > 0E[Z | D,i] | i) > C(1 —6?) (5—52)(1—%)11(»0)
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We claim that whenever s, <7 <n — s,

E[a “Das 0)@ =1+ op(1). (SA-55)

L

It then follows from Equation (SA-54) that whenever s, < i< M — s,,

min{V[e;(0)], V[e;(1)]}
max{V]e;(0)], V]e;(1)]}

p(z > Oenz—= <\/V )]+ \/V[e(O)])

i) = ca- (€~ )+ ool1).
Choose 6 = 1/2, and take

_ o min{V[E(0)] VIei(1)]} €~ €
max{V[e;(0)], V[e,()]} 4

Then by Theorem SA-19, we have

IP(Z > Semz—7 (W T+ \/V[E(O)]),Z < nb> > C?be +op(1).

We can show via the same argument as Theorem SA-5 that liminf,, ., P(Z < n®/2|i < n’) = 1. Hence

b
o Sl
hnrgloréfP(Z 1Mz = (\/V |+ \/V[E(O)])) 026
Proof of Equation (SA-55). Let F' be the cummulative distribution function of x;. Suppose 1 < k < n/2.
Then F(x(x)) ~ Beta(k, M — k +1). By a Bernstein bound for Beta variables [Skorski, 2023, Theorem 1],
we have for all € > 0,

P(F(x()) > k/M — €) < exp ( ;z)

where for large enough n,

_ kM —k+1) _k
VS M+ 1P +2) S

Hence with probability at least 1 — s, !,

log(s,)k
F >k/M —2————.
(X)) = K/ o
Condition on X = (x1, -+ ,X,), 1(X; < X(x))’s are i.i.d Bernoulli(F'(x(z))). Hence condition on X and i, with

probability at least 1 — s, 1,

log(sn)F(X(;))'

N
N =N A% > x() > Flx) —2 N

i=1
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It follows that on s, < i< M — s,, using boundedness of (1 —

<=

)1 > 0),

E[(1- %)11(2 > 0)

z} - E[(1 - %)n(z > 0),1( > Z/S)M +1E[(1 . %)n(z > 0),1(i < Z/S)H

2)+00s.1)

=1+0(s;h).

=1+0(

SA-4.25 Proof of Theorem SA-24

For simplicity, denote 720N by 7. Since given the partition & chosen by @1, Equation (SA-50) is still satisfied.

We can use the same argument in the proof of Theorem SA-22 condition on Dt to get

R 2K log(n.)®
o, [| - 7|?|2r] < 021080

-
where C' is a positive constant that only depends on &, u and the distribution of €;(0),&;(1). In particular,
the expectation is taken with respect to &, with effective sample size n..

Since condition on Dy, the partition & is fixed, we can use the same argument as in Theorem SA-6 to

show that § lies in a class 7, [9] with covering number,

2

2K
NEO AL o) < (2) 0 2e o)

when we assume y;(0) and y;(1) are bounded by U. In comparison, in the proof of Theorem SA-22, we show

g lies in 77, with covering number

K+1
i (417eU%\?
N Aoy ) < 20 (F5) L ce o).
This improvement of covering number due to honesty means we can replace a log(n,p)-penalty in the result
of Theorem SA-22 by log(n,). Now uncondition over @t and using the fact that p=! < n,/nt < p, we get

the conclusion.

SA-4.26 Proof of Theorem SA-25

The conclusion follows from Theorem SA-19 and the same proof for Theorem SA-7.

SA-4.27 Proof of Theorem SA-26

For simplicity, denote 75, (x; K) by 7(Tk), and N = n/(K + 1) denotes the sample size for each folds in the
X sample splitting scheme.

Let ti,tp,--- ,tox denote the 25 leaf nodes in the decision tree, (if a node cannot be further refined,
we duplicate the split indices and values at the next level). And let Ny, Ny, -, Nox and my,mo, -+, mox
denote the number of observations and the Lebesgue measure of the 2 leaf nodes, respectively. Note that

N = (Ny,---, Nyx) are independent of the g; data by the honest condition and the z; data per Assumption
SA-1. As in the proof of Theorem SA-8, we can show condition on N, my ~ Beta(Ny, N — N + 1)
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Thus, the IMSE can be bounded as follows: Since condition on N , my’s are independent to the refreshed

samples d;, &;(0), &(1)’s, we have

E L (#(Tk) () ﬂ?m(m)l
_ = E i (inetk ~i~i(1) inetk(l - ~i)éi(o)>2]
= my = — —
k=1 inetk di Exietk 1- di
[ (e A1) Ten (- d)EO)N?] ]
<N E|E[m|N] E ity P Sxieh _ N
I; L ’ |:< inetk di inetk 1—d; ) :|
2 [ 1 di>0) (X, e l—d;>0
< k_lE_JJ\\[?( (Zz - ! (Zz - _dj )) max{V]e;(0)], VI:(L)]}-

Notice that condition on N, > ox,et, di ~ Bin(N, &) and > o 1—d; ~ Bin(Ng,1—§). Using the fact that

for a binomial random variable W ~ Bin(n, p), we have

E[l

where C' is an absolute constant, and C), is some constant that only depends on p. It follows that

E

/ (7(Tk) () ﬂ?ﬂ%(dx)]
X

Nig
N

1 n 1
Ni¢&  Np(1-¢)

2K
<) E
k=1

K
<2
~ N

)] max{V[e;(0)], V[e;(1)]}

SA-4.28 Proof of Lemma SA-27

Assume w.l.o.g. k < n/2, since the case of kK > n/2 can be dealt with by symmetry. From the proof of
Lemma SA-17,

k(n —k) loglogn

NG

)

Now we consider the randomness induced by ng,nr 0, nr,0. By Theorem A.4.1 in Csérgé and Horvath [1997],

sup
rp<k<n—ry,

(o, ) — firolk, ) — (ipo(k, ©) — inolk, e>>2| _ op(

Moreover, the proof of the term R; in Lemma SA-17 implies

loglogn
sup —_—
rp <k<n—rp

((fip,o(k, €) = firo(k, 0))? + (ipo(k. 0) — iro(k,0)?) = OIP(

Tn

max
rpn<k<n—r,

k
V- ‘; ;(if - 1)’ = Oz(y/loglogn),
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which implies

sup
ran<k<n—ry,

neok)nros _ _5)’@' — (/7 log log ).

o

Putting together, triangle inequality implies

max max
1<l<pr,<k<n-—ry

log1 3/2
jSSE(k7£) _ fprox(k,ﬂ)‘ _ O]P’( oglog(n) )

1/2
’I"n/

SA-4.29 Proof of Lemma SA-28

The proof of Lemma SA-18 implies that

1<t<p 1<k<sn

max max k’(ﬂL,o(w ~ ok, ) — (aro(k, 0) - MR,ow,@)Z‘ — Op(an),

where «,, = p,, loglogn +

»— Jog logn, and

s
n—=5sn

_ = 2:
pax  max k(jir,o(k,£) = fino(k, )" = Op(pn loglogn).

Hence it also follows that

Sn

max max k(fipo(k,0) — fipo(k, 0))? = OP(

log1 ):o .
Jax  max oglogn + ay, ()

n— Sp

When 1 < k < s,,, we have W < npo(k) <k. The conclusion then follows.

SA-4.30 Proof of Theorem SA-29

The proof is similar to the proof of Theorem SA-19, except that in Theorem SA-19, we approximate the split
criterion by a time-transformed O-U process, while here we approximate the split criterion by the summation

of two independent time transformed O-U processes. We divide the proofs into two steps.
Step 1: Approximation of fit-based processes by ipw-based processes

Let 0 < a < b < 1. Let p, be a sequence of real numbers taking values in (0,1) to be determined, and

take s, = exp((logn)?*). Then for large enough n, we have s, <n® < n’ <n — s,. Consider the event

A, =1{3cp: max £5C(k 1) >  max 5Bk 0)).

ke[n] k& [sn,n—sy]

Equation (A.4.18) and (A.4.20) imply that for each ¢ € [p],

max IPX(k £) = Op(pn loglog(n)),

1<k<sp,n—s, <k<n

max  IP(k, L) = 2loglog(n)(1 + op(1)).

sn<k<n—s,
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Hence

Jprox(k,e):op< max ,ﬂp“’x(k,é)) ¢ € pl,

max
1<k<sn,n—sn<k<n sn<k<n—sn

Approximations results from Lemma SA-27 (taking 7, = s,) and Lemma SA-28, using the same argument

as step 1 in the proof of Theorem SA-19, with loglogloglog(n)/loglog(n) < p, < 1, then implies

ISSE(k 1) = 0]1::( max /SSE(k,Z)), L€ [p].

max
1<k<sp,n—s,<k<n spn<k<n—sn,

Using a union bound, we get P(A4,) — 0 as n — oo. Observe that on the event AS, the argmax for .#55F

should be inside [s,,n — s,]. Hence

IP’(EIK € [p] max ISE(E, 0) > max IE(k, 5), max #5E(k, 0) >  max ﬂSSE(k,€)>

J# k k¢[nen’]
> IP(HE € [p] : max IBE (k) > max IE(k, ), max IE(k, 0) > kQI[?m%?;b] I55E(k, ¢) and A%) —P(A,)

zp(aee[p]; max  SSE(k0) > max  I5SE(k, ),
k€[sn,n—sn] rel J#L ]

max Sk () > max JSSE(IC,E)) —2P(A4,).
k€E[Sn,n—8n] ke[namb]
k€E[sn,n—5n)

Now we focus on the first term. By symmetry in the p coordinates,

P(aee[p]; max  SSE(k0) > max  S5B(k), max  SSE(k0) > max JSSE(k,ﬂ))

k€[sn,n—sn] Jj#t k€[sn,n—sn] k¢[n®,n"
k€[sn,n—5n] kE[sn,n—5n]
:p]P’( max 5Bk 1) > max 5Bk ), max  5F(k1) > max JSSE(k,l))
k€[sn,n—sn] rel J#1 | k€[sn,n—sn] k¢[n® n
Sn M —Sn k€E[Sn,n—8n]

> psup]P’( max 5Bk ) <2z, max 5Bk 1) > 2> max ISR, 1))

2€R j#1 k€E[sn,n—sn] k¢[n® nb
k€[sn,n—sn] kE[sn,n—5n]
> psup]P’( max S5E(k ) <2, max (k1) < z)
z€R J#1 k¢[n®,n®
k€[sn,n—sn] k€E[sn,n—sn]
—p]P’( max 5Bk ) <2, max  I5F(k1) < z)
j#1 k€[sn,n—sn]

k€[sn,n—sn]

Then using the fact that .#P*%(k, £) approximates .#5E(k, £) from Lemma SA-17, we have

P(ae elpl: max ISB(k 0> max  I5B(kj), max ISPk 0>  max fSSE(k,K))
k€[sn,n—sn] kel Jj#t | k€[sn,n—sn] k¢[n®,n"
SnyN—8n k€[sn,n—sn]

> psup]P’( max SNk, j) <z—wv,, max IP(k,1)<z— vn)

z€R J#1 k¢[n® n®
© k€[sn,n—sn] ket[zs[n,nfs]n]
- p]P’( max SNk, j) < z4+wv,, max IP(k,1)<z+ vn)7 (SA-56)
j#1 k€[sn,n—sn]

k€[sn,n—5n]
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where v,, = Op(log log(n)sﬁl/z).

Step 2: Gaussian approximation of IPW partial sums
Recall that

k(n — k) k(n — k)

n

TPk, 0) =(1 =€) (fizo(k, €) = firo(k, 0))* +& (hri(k,0) — ira(k,0)%  (SA-57)

and we will show that high dimensional random vector = from concatenating (1/ (1 — &) h(n— k)( fro(k,0) —

firo(k,0) : k € [n],£ € [p]) and (/(1 — &) 28 (7 1 (k,0) — fir1(k,0)) : k € [n],£ € [p]) can be approx-
imated by a Gaussian random vector with the same covariance structure. The proof will still be based on

writing = as ﬁ >, C; where

C=(vi((\ [ A O < B = D im <k <n—r) s1<0<p) Tga0)

where #7¢ denotes the inverse mapping of 7¢, as in the proof of Theorem SA-1.

Notice that the random vectors are 2np dimensional. For notational simplicity, in what follows, denote by
e ¢ the indicator of the position corresponding to /(1 — &) k(" k) (ML 1(k,0) — ipy(k,0), t=0,1, k € [n],
¢ € [p].

However, the format of Equation (SA-57) induces a different geometry when approximating probabilities
in Equation (SA-56). Instead of high dimensional CLT for hyper-rectangles, we consider the class of simple
convex sets [Chernozhukov et al., 2017, Section 3.1].

Let 7 be a subset of [n] x [p]. Consider the class of closed convex sets & containing sets of the form
A= {ll € R2np : (e(—)r,kjuv eir,k,zu) S BQ(Sk,Z)a Sk,e € (0,71], (k,g) € j}v (SA—58)

where Bs(r) denotes the Euclidean ball centered at 0 with radius r in R?. That is, the class & contains

intersections of cylinders {u € R*"” : ||(e; u,e] u)|lz < s}. Notice that for z € (0,n], the event in Equa-

tion (SA-57) (inside sup z) can be characterized as the high dimensional vector = lies in a set in &.

For each A € &, we consider its approximation by simple convex sets. For each Bz (r), denote by B;n’”(r)
and BS"""(r) its inscribed and circumscribed regular n?-gon. Take m = n?|.J|. Then for each A € & of the
form (SA-58), take

m = {u € R (e(—)r,kyeu, eIk’Ku) € B;H’H(Sk,g),sk’e € (0,n], (k,£) € 7},
and
A™€ = {u € R*"P (e(—)r’kygu, eIMu) IS Bgut’n(sk’g),sk,g € (0,n], (k,£) € 7}.

Then A™ C A C A™¢. Moreover, denote by 7" (A™) the set consisting of m unit vectors that are outward

normal to the facets of A™. Then A™ can be alternatively characterized by

A™ = Uyeqyam{w e R¥"? :w'v < Sa(v)}, Sa(v) =sup{w'v:we A}
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Then we can analogously characterize A™€ by
A™ = Uyegamy{w € R w'v < Su(v) + v}, Sa(v) =sup{w ' v:wec A},

where €, < n~1! for large enough n. This shows our class o is a subclass of &/51(1,3) (see [Chernozhukov
et al., 2017, Section 3.1]). Now we check its conditions (M.1"), (M.2’) and (E.1’). Let v € 7(A™). The
definition of A™ implies v = vg k€0 k¢ + V1 k€15 for some (k,¢) € 7, and Ug,k,z + v%kl = 1. Let
veT(A™).

n

> EvTC

n

1

2

> min{V[(1 - &) 7' (1 — di)e:(0)], V[ dies (1]},

which verifies (M.1’). The fact that only two entries of v are nonzero and v%M + ”%k,e = 1 implies that

n~' Y E(vICP] < 4nT Y Elleg Cl’l +4nt Y Elle] ,Cil’] S V/ra,

=1 i=1 =1

where the last inequality is from the calculation in Equation (SA-21), and this verifies (M.2’) for the third
moment. Moreover,

n 'S EIVTC < 80 S Efleg Cl'] + 801 S Efle] Gl

i=1 i=1 i=1
n n
< /n/rp8nt ZEHeak,@Cﬂg’} +/n/r,8n7t ZE[\eIk7ZCi|B]
i=1 i=1
<n/ry.

The same logic shows that Elexp(|v' C;|/(K+\/n/r,))] < 2, where K is an absolute constant. Putting
together, we verify conditions (M.2’) and (E.1’) with B,, = y/n/r,. Hence by [Chernozhukov et al., 2017,
Proposition 3.1], there exists mean-zero random vectors D; ~ N(0,E[C;C]) such that

—1/2 - —1/2 - 10g7(n) 1o
sup [P(n™/2) "C; e A)—P(n~'?> D A)| S| ———] . (SA-59)
=1

Aed i—1 Tn
Step 4: Gaussian-to-Gaussian Approximation

Observe that for any ki, ko € [n], 41,02 € [p], we have Covleg ;. , Ci, e, ,,Ci] = 0. The same calculation
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as Multivariate Case Step 2 for the proof of Theorem SA-1 implies we can replace D; by another mean-zero

Gaussian random vector Z; such that

T oAl . : —
C T 7. el 7.1 — Cov[ethklllD“ et27k2,f2DZ}7 if b1 = Lo,
Ov[etlykhél i €ty ko, lo ’] - .
0, otherwise.

We want to show ﬁ S Z; is close to ﬁ i, D;, measured by the probability of taking value in sets
from of defined at Equation (SA-58). We omit details for simplicity, but illustrate the main skeleton here. As
in Step 2, Nazarov inequality implies we only need to work on the m-generated convex approximation with
€ precision A™ = A™(A) for A € o, for a reason given in [Chernozhukov et al., 2017, proof of Proposition
3.1]. Moreover, P(ﬁ SorZ; e A™) = IP’((VT(ﬁ Y1 Zi))ver(am) < t) for some t € R™. Hence we only

need to show

sup
teR™

PV (= 2 Z)veram <0 =B (Z= 3 Dilveriam < t)\ = o().
i=1 i=1

But the definition of & in Equation (SA-58) implies for any A € o/, v € Z'(A™), there exists ey, e; and
v + 7 =1 such that v = vgey, + vje;, with

Cov {eg(\/lﬁ gzi),e}(\/lﬁ izi)} — Cov [e;(\/lﬁgDi),eJT(\/lﬁZ:Di)] ~0,

and hence
min V[VT(lzn:Zi))vgy(Am)} > 1.
Z€7(A™) vn i=1 -

Together with Equation (SA-24), we know

max
Vi,Va E%(Am)

1 & 1 & 1 & 1 &
C (==Y Z), vy (—=> Z;)| -C (=Y "Dy, vy (==Y Dy)||=0@;1?.
o [T (G 220 (7 320 | = Cov [ (2 3P0 v (5 32D = 00
The Gaussian-to-Gaussian Comparison result [Chernozhuokov et al., 2022, Proposition 2.1] them implies

sup [P(n~%/2 Z Z; € A) —P(n1/? Z D; € A)| = O(log(n)r;*/?). (SA-60)
Aed i=1 i=1

Step 5: Orstein-Uhlenbeck Process Calculations

Now we revisit Equation (SA-56). Consider

s gy =1 — )P R) G 0) = o, 0)2 + €O (g (k) = i (R 0))?,
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with

fiz0(k, 0) kzuﬂe(l)v fra (k) = kZ”va
i<k i<k
otk 0) = —— 3w, fira(h ) = —— 3" v,
i>k i>k

Equations (SA-59) and (SA-60) imply that

sup ]P’( max ISPk j) < z—wv,, max IP(E 1) <z-— vn)
2€€[—n,n] J#1 ké[na,nb]

k€[sn,n—sn] k€[sn,n—sn]
—]P’( max  IP(k,j) < z4+wv,, max SIPO¥(k, 1)< z+vn>
j#£1 k€[sn,n—sn]

k€E[sn,n—sn]

p—1
= sup ]P’( max ﬂGa”SS(k, H<z— vn) ]P’( max JGauSS(kyl) < z— Un)
z€[—n,n] k€[sn,n—sn] k¢[n®,n"]
kE[sn,n—sn]

]P’( max SO (k1) < 2+ vn) + o(1).
ke|

Snvn_sn]

p—1

—]P’( max S OUS(k ) < z—i—vn)
J#1

kE[sn,n—sn]

The same argument as [Csorgd and Horvéath, 1997, (A.4.25) to (A.4.37)] shows that there exists two inde-
pendent standard Brownian bridges over [0,1], B,,  and B, g, for each n, such that

\/ B2, B2,
max S Gauss ([ 1) — sup 1% o R =€y,
k€[sn,n—sn] ( ) t€lsn/n,1—sy,/n] t(l - t) t(l - t)
B? B?
max jGauss(k’ 1) _ sup o n,L + n,R =€,
k€[sn ,n—sn]\[n%,n?] tE€[sn /n,1—sn /n]\[n1 =2 nl=b] t(l - t) t(l — t)

with 02 = V[g;(0)] = V[e;(1)] and ¢, = op((loglogn)~1/2). Let {Ur(t) : t € R} and {Ugr(t) : t € R} be two
independent O-U processes with E[U;(t)] = 0 and E[U;(s)U;(t)] = e~ 1*~!l, j = L, R. Then

(s s ) 0.1 £ (@tiosa/ (1~ ), Unloste/ 1~ ) <€ 0.1}

Take N(t) = |[(UL(t),Ur(t))||2,t € R. Then a time change and stationarity of O-U process implies

\/ B2, B2,
]P’( sup Ty R < y)
te[l/n,1—1/n]\[nt—a nl-b] t(l - t) t(l - t)

IP’( sup IN(t)| < y)
— log(n—1)<t<log(na=1/(1-na=1),log(nv=1 /(1-nv=1)) <t<log(n—1)

IP( sup [N ()] Sy),
0<t<log(na=1(n—1)/(1—na-1) log ")) <t <2log(n—1)
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and

\/ B2, B2,
P sup L (LIS y) = ]P’( sup N@t)| < y).
<t€[1/n,1—1/n]\[n1”,n1b] t(l - t) t(l - t) 0<t<2log(n—1) ‘ ( )|

An expansion based on [Horvéth, 1993, Lemma 2.1] (Lemma TODO) gives for any z € R,

P( sup IN(t)| < z + 2loglog(n) + loglog log(n)

+ en) = eXp(—e_z'Hog(c)) + o(1).
0<t<clog(n) 2loglog(n)

Moreover, Gaussian correlation inequality [Latala and Matlak, 2017, Remark 3 (i)] and stationarity of O-U

process implies

2log 1 loglogl
7 up (| < ZE2ER g s e )
0<t<log( "Z:iﬁ"_]” ), log "bljfb’fl” y<t<2log(n—1) 2loglog(n)
+2logl + loglogl
> P( sup IN(1)] < 21298 og(n) + logloglog(n) N n)
0<t<log("I—nl)) 2loglog(n)

2log1 log log 1
.]p( sup IN(1)] < 2T 210glog(n) + logloglog(n) +€n)
0<t<log(n!=b(n—1)(1-nb-1)) 2loglog(n)

= exp(—2e*Floe(=(b=a))y 4 (1),

Putting together and choosing z* that maximizes z — exp(—2e‘z+10g(2_(b—a))) — exp(—2e‘z+1°g(c))7 we can

get

~1
sup P( max fGauss(k, H<z— vn)p IP’( max sz*“*“SS(k;7 1)<z — Un)
ze[f’n,n] kE[S.,L,nfsn] k?[na,nb] ]

kE[sn,m—8n

p—1
—IP’( max S CUS(k ) < z—l—vn) IP’( max ~ FOUS(k 1) < z—l—vn)
kel 1751_ | k€[sn,n—s;]

> sup exp ( —2p— 1)6427@(2))) (exp ( _ 26,(z,10g(2,(b,a)))) —exp ( _ 267(,271%(2))))

2p 1
:b—a(l_b—a)b“
2p 2p
b—a
2pe

>

Symmetry then implies for any 0 < a < b < 1 and ¢ € [p], we have

limianP’(n“ < igsg < nb,jSSE = f) = limian(n —n? <igsg <n—n? JssE = f) >
n— 00 n—o0 2]96

SA-4.31 Proof of Corollary SA-30

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-20.
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SA-4.32 Proof of Corollary SA-31

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-21.

SA-4.33 Proof of Corollary SA-32

Since the tree is constructed by minimizing the objective Equation (SA-10) iteratively. The empirical risk
minimization property Equation (SA-52) still holds. Hence the result follows from the same argument as the
proof of Theorem SA-22.

SA-4.34 Proof of Corollary SA-33

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-23.

SA-4.35 Proof of Corollary SA-34

Since the tree is constructed by minimizing the objective Equation (SA-10) iteratively. The empirical risk
minimization property Equation (SA-52) still holds. Hence the result follows from the same argument as the
proof of Theorem SA-24.

SA-4.36 Proof of Corollary SA-35

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-25.

SA-4.37 Proof of Corollary SA-36

The result follows from the same argument as Theorem SA-26.

SA-4.38 Proof of Lemma SA-37

First, we consider X under Assumption SA-2. Since (y;, d;)’s are from dataset 2, independent to the dataset

D7, to Y7, for tree construction, it is easy to check that
E[#* (x; K)] = E[E[# (x; K)|T, (X;)ica,]] =7, | € {DIM, IPW, SSE}.

Next, we consider HON under Assumption SA—2. Denote by t(x) the node that contains x, and denote by
n(t) the local sample size in D, where n(t) = ;.5 L(x; €t). Then

E[71py (x: K)|27] = Eley (x; K)L(n(t(x)) > 0)|21] + 0 - P(n(t(x)) = 0/27)
E[71eu (%; K)| D7, n(t(x)) > 0]P(n(t(x)) > 0|27)
TP(n(t(x)) > 0|2r),
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where in the third line, we have used the fact that ¢;(0) and £;(1) in 9, are independent to x;’s in 2, and
the whole dataset @, with E[g;(0)] = E[e;(1)] = 0. Unconditioning over P, then we get

[y (x: K)] = 7P(n(t(x)) > 0).

The results for DIM and SSE can be obtained by similar arguments.

Finally, we consider NSS under Assumption SA-2 and the additional symmetric error ¢;(0), and €;(1)
assumption. We will use an induction assumption.

Base case: K = 1. Due to the assumption that py and p; are constant, we can rewrite the splitting

criteria from Definition 2 in the main paper as

n(tL)n(tR) 1 1
DIM : digi 1) — 1-— dz E; 0
n(t) (nl(tL) i:);et,; (1) no(tr) z‘:xietL( Jei(0)
_ > diei(1) + ! o —d-)s-(O)))2 (SA-61)
nl(tR) 1:X; Etp o no(tR) 11X, EtR v ,
and
n(tL)n(tR) 1 dl 1-— dl 1 d1 1-— dz 2
IPW : fé‘il — 51‘0 — *Eil — 51‘0 y
) (n(tL) Z<§ 1) - T4 O0) ~ o Z<£ (1)~ T=¢=il0)
(SA-62)
and
ny (tL)nl(tR) 1 1 2
SSE : dié:i 1) — ——— diEi 1
1 (t) (’I’Ll(tL) i:)cEi;tL ( ) n (tR) i:xzi;tn ( ))
no(tL)no(tR) 1 ]. 2
+ ].—diEiO— 1—disi0 . SA-63
S (no(tL) Z( )2i(0) = s Z( )ei(0)) (SA-63)
Denote the vector € = (£1(0),e1(1), -+ ,€n(0),e,(1)). Notice that for all three criteria, for any d =
(d1,---,dy,) and tp,tr, € = u and ¢ = —u give the same value. Hence condition on d and the data-driven

split region t;, and tg, € is symmetrically distributed around zero. It then follows from the form of the three
estimators that all of them are unbiased.

Induction step: K > 2. Each leaf node t in layer K — 1 is further partitioned into t; and tg such that
Equations (SA-61), (SA-62) and (SA-63) are maximized. The induction hypothesis is that condition on all
leaf t in the K — 1 th layer and d, € is symmetrically distributed around zero. Again for all three criteria,
given K — 1th leaf node t, for any d = (dy,--- ,d,) and ty,tr, € = u and € = —u give the same value. Hence
the resulting Kth level t;, and tr are such that condition on d and the data-driven split region t; and tg,

€ is symmetrically distributed around zero, making the estimators unbiased.
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