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Abstract

Uncertainty quantification in causal inference settings with random network in-
terference is a challenging open problem. We study the large sample distributional
properties of the classical difference-in-means Hajek treatment effect estimator, and
propose a robust inference procedure for the (conditional) direct average treatment ef-
fect, allowing for cross-unit interference in both the outcome and treatment equations.
Leveraging ideas from statistical physics, we introduce a novel Ising model capturing
interference in the treatment assignment, and then obtain three main results. First,
we establish a Berry-Esseen distributional approximation pointwise in the degree of
interference generated by the Ising model. Our distributional approximation recov-
ers known results in the literature under no-interference in treatment assignment, and
also highlights a fundamental fragility of inference procedures developed using such a
pointwise approximation. Second, we establish a uniform distributional approximation
for the Hajek estimator, and develop robust inference procedures that remain valid
regardless of the unknown degree of interference in the Ising model. Third, we propose
a novel resampling method for implementation of robust inference procedure. A key
technical innovation underlying our work is a new De-Finetti Machine that facilitates
conditional i.i.d. Gaussianization, a technique that may be of independent interest in
other settings.
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1 Introduction

We study the large sample distributional properties of the classical Hajek average treatment
effect estimator, and propose a robust inference procedure for the (conditional) direct average
treatment effect, in the presence of cross-unit interference in both the outcome and treatment
equations. This causal inference problem arises in a variety of contexts such as (online)
social networks, medical trials, and socio-spatial studies, and has received renewed attention
in recent years. Recent contributions include [1], [11], [10], [12], [18], [20], and references
therein. See [8] for a modern textbook introduction to causal inference.

The key challenge in causal inference settings with interference is that units can affect
each other in arbitrary ways, making statistical inference difficult without disciplining the
degree of cross-unit interference: it is common to assume that units correspond to vertices in
a network, typically represented as a graph, such that only when units are connected by an
edge, they may influence each other. Early literature assumed that the underlying network
was fixed, or otherwise known, but more recent advances have considered estimation and
inference methods allowing the network to be a random (unobserved) graph (see Assumption
1 below). Furthermore, due to the challenges introduced by the presence of the latent
random graph structure, it is common in the literature to restrict the degree of interference
entering the outcome and treatment equations: prior work has focused on the special case
where the potential outcomes exhibit restricted interference in the form of annonymity or
exchangability (see Assumption 2 below), but the treatment assigment mechanism does not
exhibit interference. We contribute to this emerging causal inference literature by allowing
for the treatment assignment mechanism to also exhibit restricted cross-unit interference,
while retaining the other semiparametric modelling assumptions imposed in previous work.

Leveraging ideas from statistical physics [7], we introduce a class of Ising equiprobable
treatment assignment mechanisms described by

P5(T = t) o exp (g S (2t - 1)(2t - 1)), (1)

i#]
where T = (T1,...,T,)" € {0,1}" denote the vector of binary treatment assignments for n
units, t = (t;...,t,)", and the unknown parameter 3 > 0 controls the degree of cross-unit

interference in their treatment assignments (see Assumption 3 below). This model explicitly
accounts for the stochastic nature of network formation in the treatment equation, and
reduces to the classical independent equiprobable treatment assignment rule when § = 0
(i.e., random assignment with equal probability). Thus, the Ising equiprobable treatment
assignment model allow us to investigate how prior conclusions in the literature change as
a function of the degree of cross-unit interference in treatment assignment as controlled by
the unknown parameter (.

To streamline the presentation, and due to some technical issues, we focus on the mod-
erate cross-unit interference regime 5 € [0,1]. See Section 8 for more discussion. Our first
contribution concerns the large sample distributional properties of the classical difference-in-
means Hajek estimator (see (3) below). Theorem 3.1 establishes a Berry-Esseen bound for
the estimator, that is, a distributional approximation in Kolgomorov distance with explicit
convergence rates. The closest antecedent is [12|, who considered the same causal model



with network interference but under the assumption f = 0 (random treatment assignment),
and established a Gaussian distributional approximation for the Hajek estimator. Theorem
3.1 establishes a precise distributional approximation with explicit convergence rates and,
more importantly, shows that: (i) for g € [0,1), the limiting distribution continues to be
Gaussian, but the asymptotic variance exhibits an additional term that captures the cross-
unit interference in the treatment equation; (ii) for 5 € [0, 1), the new asymptotic variance
coincides with the one obtained in [12] when § = 0 but is increasing and unbounded as a
function of §; and (iii) for 5 = 1, the limiting distribution is non-Gaussian. These findings
have an important implication for the robustness of inference procedures developed under
the assumption of no-interference in the treatment assignment (5 = 0): the distribution
approximation changes as a function of § > 0, exhibiting a discontinuity at § = 1, thereby
invalidating inference procedures obtained from distributional approximations that only hold
pointwise in f.

The lack of uniform validity demonstrated in Theorem 3.1 poses a major challenge for
developing robust inference procedures in the presence of potential interference in the treat-
ment assignment because /3 is unknown in practice. Moreover, [16] showed that no consistent
estimator exists for 5 € [0, 1), making plug-in inference procedures infeasible, even pointwise
in 8 € [0,1). To address these challenges, Theorem 4.1 establishes a uniform in 5 € [0, 1]
distributional approximation for the Hajek estimator and, as a necessary by-product, also
establishes a uniform distributional approximation in § € [0, 1] for its Maximum Pseudo-
Likelihood estimator (MPLE); see [17]. The resulting distributional approximations are
indexed by a localization parameter offering a smooth transition between the discontinuous
limit laws established in Theorem 3.1, as well as for those corresponding to the MPLE of .

Building on Theorem 4.1, and employing a Bonferroni-correction procedure that works
by creating hierarchical confidence intervals for different [S-regimes, we present uniformly
valid uncertainty quantification for the (conditional) direct average treatment effect 7,, (see
: we develop infeasible (Theorem 4.2) and feasible (Theorem 5.1) prediction intervals C,(«)
satisfying

liminf inf Pslr, € Co(a)] > 1—a,
iminf inf s[T (@) 21—«

for a € [0, 1], where C,(«) is based on the Hajek estimator and a novel resampling procedure
aimed to capturing sampling uncertainty coming from the underlying network. To the best of
our knowledge, our proposed feasible inference procedure is new for § = 0. More importantly,
our proposed inference procedure is the first to offer robust (uniform) validity across all values
of B € [0,1]. Section 6 presents a simulation study demonstrating the performance of our
proposed methods.

1.1 Summary of Methodological and Technical Contributions

From a methodological perspective, our paper contributes to the literature on causal inference
under cross-unit interference. Classical contributions include [9], [19], [15], and references
therein. The closest antecedent to our work is [12], who studied distribution theory for the
same casual inference model with network interference considered in this paper except for



assuming random treatment assignment (i.e., without interference in the treatment assign-
ment mechanism). Thus, our first methodological contribution is to propose a novel Ising
equiprobable treatment assignment model to capture the possible interdependency between
treatment assignments when units can interference with each other. The model covers the
equiprobable experimental design, as well as a class of dependent treatment assignments as
indexed by £ in (1). Furthermore, our second main methodological contribution is to present
a novel, feasible robust inference procedure for the (conditional) direct average treatment
effect, which is uniformly valid for all 5 € [0, 1]. This procedure relies on a Bonferroni correc-
tion together with a uniform distributional approximation for the Hajek estimator, taking
into account the different [S-regimes, and also leverages a new resampling-based variance
estimator developed herein. Our proposed inference procedure appears to be new even in
the special case of = 0 (no-interference in treatment assignment).

From a technical perspective, our paper also offers a contribution to the applied probabil-
ity literature, particularly in the context of statistical mechanics [7]|. Allowing for interference
in treatment assignment leads to major technical challenges for establishing distribution the-
ory for the Hajek estimator, since the Ising equiprobable treatment model introduces new
sources of dependence that need to be taken into account. For example, as shown in Theo-
rem 3.1, the Hajek estimator exhibits different concentration rates around 7,, depending on
whether 8 = 1 or not, in addition to having different limit laws. Our first technical contri-
bution is to develop a new De-Finetti Machine that leverages the exchangeability structure
in the treatment vector induced by Ising model, which we then use to establish a Berry-
Esseen bound under the different S-regimes. This new technique is based on a carefully
crafted conditioning argument that renders the elements of T conditionally i.i.d., thereby
reducing the problem to establishing a Berry-Esseen bound for conditionally i.i.d. random
variables. Our new technical approached generalizes [5] and [6] by considering a multiplier
Curie-Weiss magnetization statistic, without relying on variants of Stein’s method [5], and
instead using a novel conditional i.i.d. Gaussianization approach. Our new technique may
be of independent interest in other settings considering establishing a Berry-Esseen bound
for sum of exchangeable random variables. To address the uniform inference problem, we
further establish uniform in 5 € [0, 1] distributional approximations: our results cover both
the Hajek estimator and the MPLE for . Thus, a second technical contribution of our work
is to the literature on distributional properties of the Ising model.

1.2 Organization

Section 2 formalizes the setup. Section 3 presents pointwise in 5 € [0, 1] distribution the-
ory for the Hajek estimator. Section 4 presents uniform in § € [0,1] distribution theory,
and discusses an infeasible uniformly valid inference procedure. Section 5 proposes a fea-
sible inference procedure based on resampling methods. Section 6 presents simulation evi-
dence. Section 7 overviews our technical contributions, including Berry-Esseen bounds for
Curie-Weiss magnetization with independent multipliers, and Section 8 concludes with open
questions and future research directions.



2 Setup

We consider a random potential outcome framework under network interference. For each
unit i € [n] = {1,2,---,n}, let Y;(¢; t_;) denote its random potential outcome when assigned
to treatment level ¢ € {0,1} while the other units are assigned to treatment levels t_; €
{0,1}™"1. The vector of observed random treatment assignments for the n units is T = (T :
i € [n]), and T_; denotes the associated random treatment assignment vector excluding T;.
Thus, the observed data is (Y;,7T; : i € [n]) with Y; = (1 — T;)Yi(0; T_;) + T;Y;(1; T_;) for
each i € [n].

Interference among the n units is modelled via a latent network characterized by an
undirected random graph G(V, E) with vertex set V = [n] and (random) adjacency matrix
E = (E;; : (1,5) € [n] x [n]) € {0,1}"*". The following assumption restricts this random
graph structure.

Assumption 1 (Network Structure). The random network E satisfies: For all 1 < i <
j S n and Pn € (0, ]_], E” = O, Eij = Eji; and Eij = ]]_(51] S mm{l,pnG(UZ,UJ)}), where
G : 0,1 — Ry is symmetric, continuous and positive on [0,1]*, U = (U; : i € [n]) are
i.5.d. Uniform[0, 1] random variables, 2 = (&; : (i,j) € [n] X [n],i < j) are i.i.d Uniform[0, 1]
random variables. Finally, U and E are independent.

This assumption corresponds to the sparse graphon model of [3]. The parameter p,
controls the sparsity of the network, and will play an important role in our theoretical
results. The variable U; is a latent heterogenous property of the ith unit, and G(U;, Uj)
measures similarity between traits of U; and U;. This allows for a stochastic model for the
edge formation.

Building on the underlying random graph structure, the following assumption imposes
discipline on the interference entering the outcome equation.

Assumption 2 (Exchangable Smooth Potential Outcomes Model). For alli € [n], Y;(T;; T—;)
1i(T; %) where M; =3, EiT;, Ny =3, Tj, and f = (f; : i € [n]) are i.i.d random func-
tions. In addition, for alli € [n] and some integer p > 4, max;<;<y, maxte{ojl}\aép)fi(t, )< C
for some C' not depending on n and 3. Finally, f is independent to E.

This second assumption imposes two main restrictions on the potential outcomes. First,
a dimension reduction is assumed via the underlying network structure (Assumption 1),
making the potential outcomes for each unit ¢ € [n] a function of only their own treatment
assignment and the fraction of other treated units among their (connected) peers. Second,
the potential outcomes are assumed to be smooth as a function of the fraction of treated
peers, thereby ruling out certain types of outcome variables (e.g., binary or similarly limited
dependent variable models). Assumption 2 explicitly parametrizes the smoothness level
p because, together with the the sparsity parameter p, in Assumption 1, it will play an
important role in our theoretical results.

To close the causal inference model, the following assumption restricts the treatment
assignment distribution. We propose an Ising model from statistical physics |7].



Assumption 3 (Ising Equiprobable Treatment Assignment). The treatment assignment
mechanism follows a Curie-Weiss distribution:

Py(T = t) = Ciﬂ exp (ﬁ SOk — 1)(2t; - 1)), (2)

n —
1#]
where t € {0,1}", 5 € [0,1], and Cs is determined by the condition ), Ps(T =t) = 1.

This model naturally encodes a class of equiprobable, possibly dependent treatment as-
signment mechanisms. Assumption 3 implies P(7; = 1) = % for i € [n] and all 5 > 0, but
allows for correlation in treatment assignment as controlled by 5. When § = 0, treatment
assignment becomes independent across units, and thus the assignment mechanism reduces
to the canonical (equiprobable) randomized allocation. For § € [0, 1], the Ising mechanism
induces positive pairwise correlations, capturing social interdependence phenomena like peer
influence [14] characteristic of observational settings.

We propose a robust inference procedure based on the popular Hajek estimator

7/: _ Z?:l TZY; . Z?:l(l B Tl)Y;
Yim T X (=T
This classical estimator is commonly used in causal inference, both with and without in-

terference. In particular, [12] studied the asymptotic properties of 7, when § = 0, under
Assumptions 1-3, and showed that

(3)

V(T = 1) N0 ko), ke =E[(Ri — B[R] + Qi) (4)

where ~~ denotes weak convergence as n — oo, the standard target is the (conditional) direct
average treatment effect given by

= 3BV T - (0Tl B )

and R; = fi(1,3)+ £(0, ) and Q; = B[ s (f1(1, 3) = £5(0,3))|Ui]. The (conditional)
direct average treatment effect in (5) is a predictand, not an estimand, in the sense that
it is a random variable that needs not to settle to a non-random probability limit under
the assumptions imposed. Consequently, our uncertainty quantification methods can be
regarded as prediction intervals for the classical target predictand 7, in the causal inference

literature.

3 Pointwise Distribution Theory

Our first main result is a Berry-Esseen bound for the Hajek estimator, pointwise in 5 € [0, 1],
that is, the degree of treatment assignment interference. We provide a proof sketch in
Section 7, with full technical details deferred to the supplementary material.



Theorem 3.1 (Pointwise Distribution Theory). Suppose Assumptions 1, 2, and 3 hold.
Then,

1
sup |]P)[?n — Tn S t] - Ln(t;ﬁa’%l;/{?)' = O( °en + ran))

teR /ToPn

where Ly (+; B, k1, k) and r, 5 are as follows. Then: (1) High temperature: if 5 € [0,1),

L,(t; B, k1, ko) = Pg [n_l/Q (Iig + K2 . f 5>1/2Z < t] (6)

with Z ~ N(0,1), and r, 3 = /nlog n(npn)’%l.
(2) Critical temperature: if B =1,

L, (t; B, k1, ko) = Pﬁ[nfl/zlfﬁwo <] (7)

v exp(—z*/12)dz 1

with IP[WO S w] - ﬁ_’o exp(—2%/12)dz”’ we R? and Tnp = (log n)?,n_% + f/ﬁ\/m(npn)_%

In the high temperature regime (5 € [0,1)), v/n(7, — 7,) is asymptotically normal with
variance /ig—i-lﬂ)%%. Thus, when § = 0, our result recovers (4), but for g € (0, 1), the asymp-
totic variance is strictly increasing unless k1 = 0 (i.e., no randomness from the underlying
network). In the Critical temperature regime (5 = 1), the limiting distribution is non-
Gaussian. The distinct asymptotic behaviors of 7,, across these regimes mirror the phase
transition phenomena observed in the Ising model’s magnetization m = £ 37" (2T} — 1).
The first term in the Berry-Esseen bound, log n(npn)_l/ 2 is not improvable beyond the ex-
tra logarithmic factor because log(n)n~'/2? when p, < 1. For the second term, r, g, the
bound depends on the smoothness p of the potential outcome function and the temperature
regime.

Theorem 3.1 highlights key challenges in uncertainty quantification, with unknown quan-
tities k1 and kg, and the unknown regime parameter 8 € [0,1]. Furthermore, [2] es-
tablished an impossibility result showing that no consistent estimator for S exists in the
high-temperature regime. In the following section, we address the estimation of S and the
complications arising from the discontinuous transition between Gaussian and non-Gaussian
laws.

4 Infeasible Robust Inference

This section addresses inference on the treatment effect when the regime parameter g is
unknown, but assuming that x; and ks are known.

4.1 Maximum Pseudo-Likelihood Estimator (MPLE) for Tempera-
ture

Due to the existence of the normalizing constant Cg in (2), maximum likelihood estimation
is not computationally efficient. However, the conditional distribution of T; given the rest

7



of treatments adopts a closed form solution and can be optimized efficiently [17]. Define
W; =21, — 1, W_; = {W;:j€[n],j #i}, and m; = 3", W;. The MPLE for § is

~

1
B, = arg max Z log Pg[W;|W_;] = arg max Z —log (§WZ tanh(Sm;) + 5)

Be(0,1] ic[n] B€[0,1] icin]

We show in Lemma 6 in the supplementary appendix that the limiting distribution of Bn
also depends on the regime 3 € [0,1]. For 3 € [0,1), 1 — 8, ~ (1 — B)max{(x?})~*,0},
thereby ruling out consistent estimation. For 8 = 1, \/n(3, — 1) ~» min{W2/3 — 1/W2 1},
where Wy is given in Theorem 3.1. For fixed n, the distribution of B\n — 1 exhibits the same
discontinuity at § = 1 as 7,, — 7,,, highlighting the need for a distributional approximation
that is uniform in g for valid inference across all regimes.

4.2 Robust Distribution Theory

We develop valid large sample inference for all values of B € [0, 1]. From Theorem 3.1, for all
B € 10,1), the limiting variance of \/n(7,, —7,) is kg + K3 B Thus, when x; # 0, the asymp-
totic variance diverges as (3 approaches the critical Value £ = 1. In contrast, Theorem 3.1
shows that when 8 = 1 the limiting variance of n'/4(7, — 7,) is finite. This discrepancy
indicates a lack of uniform validity in the distributional approximations in Theorem 3.1. To
address this issue, we establish a uniform distributional approximation based on the drifting
sequence (3, = 1 + f This sequence follows the knife-edge rate, ensuring that the law of
Tn — T, smoothly interpolates between the pointwise distributional approximations indexed

by 8 € [0, 1].
Theorem 4.1 (Robust Distribution Theory). Suppose Assumptions 1, 2 and 3 hold. Define
cgn = /n(l —B). Then,

1
lim sup sup ‘Pg[?n — Ty <] — Pg[n_%mfz + ﬁ%n—imw% < t]‘ =0
n—00 0<B<1 teR ’

[ exp(— 25—
J22, exp( %

; ,w € R. Further-

with Z ~ N(0,1) independent of W., and PIW, < w] =
more,

cxT

lim sup sup ‘IF’B 11— B, < t] — Pg[min{max{T.?  — Tgﬁ’mn/(?)n), 0},1} < t]‘ =0

Nn—00 )< <1 teR

where T., =2+ niWC.

CB,nsN

Theorem 4.1 establishes that H,(t; k1, k2, cgn) = Paln~ 2/-@2 27+ Bin~ 4m1W < t] uni-
formly approximates the distribution of 7,, — 75, in both the high-temperature and critical-
temperature regimes. Under the knife-edge scaling, the leading term n~="/ 2%5/ *Z becomes neg-
ligible, and the typical knife-edge representation retains only the second term SY/2n~1*k;W,.
However, when € [0,1) is fixed and ¢z, = /n(l — ) — oo, W,,  approximates
n~4N(0, (1 — 3)~'), making both terms comparable in order. Consequently, we retain both
terms in the distributional approximation. In Lemma 4 in the supplementary , we show that
when £ is fixed and ¢g,, = v/n(1— ), we have sup,cp| Hn(t; K1, K2, C5.0) — Ln(t; K1, K2, B)|— 0.
The same ideas apply to the uniform approximation of 1 — Bn

8



4.3 Infeasible Uniform Inference

We can now propose a conservative prediction interval based on the following Bonferroni-
correction procedure. In particular, in the first step, a uniform confidence interval for [
is constructed under the knife-edge approximation, and in the second step, we choose the
largest quantile for 7,, — 7,, among all 3’s in the confidence interval. The quantile chosen is
also based on the knife-edge approximation.

Algorithm 1: Infeasible Uniform Inference

Input: Treatments and outcomes (7}, Y;)icf,), MPLE-estimator B\n, an upper bound
1
K, such that k3 < K,,, confidence level parameters aq,as € (0,1).
Output: An (1 — a; — ay) prediction interval Cf(ay, o) for 7,,.
Get the maximum pseudo-likelihood estimator B\n of 5;
Define the (1 — oy )-confidence region given by I(ay) = {8 € [0,1]:1— 3, € [q,00)},
where q = inf{q : Pmin{max{T_? , —T2 ./(3n),0},1} <q] > a1};

Take U = supﬁez(al) Hn(l — %; Kn, Kn, C/g,n), L= infgez(al) Hn(%; Kn, Kn, Cﬁ,n)'
return C'(ay, an) = [7, + L, 7, + U].

Theorem 4.2 (Infeasible Uniform Inference). Suppose Assumptions 1, 2 and 3 hold, and

let K, be a sequence such that k3 < K,. Then, the prediction interval given by Algorithm 1
satisfies lim inf,,_,o infgepo 1) Ps(7 € Cllag, ) > 1 — g — as.

Theorem 4.2 gives a lower bound on the coverage of the proposed confidence region. Algo-
rithm 2 can be implemented without the knowledge of the parameter of the Ising treatment
model, but requires knowledge of k1 and ky. A fully feasible implementation is discussed
next.

5 Implementation

The unknown parameters k1 and k9 capture moments of the underlying random graph struc-
ture. Building on [13|, we propose a resampling method for consistent estimation of those
parameters under an additional nonparametric assumption on the outcome equation.

Assumption 4. Suppose fi(-,-) = f(-,-) +¢&;, where f(t,-) is 4-times continuously differen-
tiable on [0,1] fort € {0,1}, and (g, : 1 < i <n) are i.i.d and independent of E and T, with
Ele;] = 0 and El|g;|*™™] < oo for some v > 0.

This assumption allows for nonparametric learning the regression function f. In Section
4 in the supplementary material, we provide one example of such learner, but here we
remain agnostic and thus present high-level conditions. This step aims to find a consistent
estimate for both the function f and its derivative %, which can be achieved through the
introduction of Assumption 4. We propose the following novel algorithm for estimating o

based on resampling methods.



Algorithm 2: Estimation of ks

Input: Treatments and outcomes (73, Y;)c[n), realized graph E, non-parametric

learner ]/”\of f R
Output: An upper bound K,, for k.

Generate a new sample (77 : 1 <i < n) with B =0;
Take M; = El;éj Ejlﬂ*7 N* Zl;ﬁj 3,3 T Zl;ﬁzy 312*7 N* Zl;ﬁzy i

(
~ T 2 z‘EuT Z] ZEZJT
Take 5z:}/;_nf(1> Zi#Tj )_( )f(07 = )7
2(

~ M ~
Take 7 =0 X, 2T (F(L ) +8)) - 1—T*)( (0 Vi) 4 2), and

M* ~
Ty =17 e 205 (FOL Nijj)ﬂj)—?(l (0, 542) + 8));
Taker =n" Zlen] , T =n" Eze[n] (bz and

return K,

Our procedure consists of three steps. In step 1, we estimate f non-parametrically by f
In step 2, we construct two types of plug-in and leave-one-out estimator, denoted by {T&) Yiemn)
and {T(Z-)}ie[n] respectively. 7(, accounts for the randomness from flipping 4-th unit’s own
treatment. 7'(bi) accounts for randomness from flipping j-th unit’s treatment, where j is a
neighbor of 7. In Step 3, we form our final variance estimator using the resampling based
treatment effect estimators similar to the i.i.d. case. Formal results on the guarantees given
in Lemma 16 in the supplementary material.

Algorithm 3: Feasible Uniform Inference

Input: Treatments and outcomes (73, Y;)cpn), realized graph E, non-parametric
learner f of f.
Output: A fully data-driven (1 — a; — ) prediction interval C(oq, ay) for 7,.
Get K,, from Algorithm 2 using the treatments and outcomes (73, Y;)cpn), the
realized random graph E, a non-parametric learner ffor f;
Get é\(al, az) from Algorithm 1 given (73, Y;)ic[n and l?n
return é\(al, as).

Theorem 5.1 (Feasible Robust Confidence Interval) Suppose Assumptions 1, 2, 3, and
4 hold. Suppose the non-parametric learner [ satisfies f( ) € Cq(]0,1]), and |f(€ ) —
fl,m)|= op(1), |82f(€,7r*) — Oof (0, )= op(1), for £ € {0,1}. If np?> — oo, then the
prediction interval given by Algorithm 3 satisfies

lim inf sup Ps[r, € C(@l,@g)] >1—a; — .

6 Simulations

We study the finite sample performance of our robust inference procedure. Take (U; : 1 < i <
n) ii.d Uniform(|[0, 1])-distributed, graph function G(-,-) = 0.5 and density p, = 0.5. The
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Ising-treatments satisfy Assumption 3 with various n and 3. Y; has data generating process
Yi=1(T; = 1)f(1, %)"‘H(TZ = 0)/(0, %j’)%i, with f(z1,22) = 2i+21(v2+1)?, (21, 22) € R?
and (g; : 1 <i < n)areiid N(0,0.05) noise terms independent to ((U;,T;) : 1 <1i <n). The
Monte-Carlo simulations are repeated with 5000 iterations and look at the 1 — a confidence
interval with oo = 0.1.

Figure 1 (a) and (b) demonstrate the empirical coverage and interval length against
B, while fixing n = 500. To compare multiple methods, conserv stands for Algorithm 3,
"8 = 0" stands for using the formula from Theorem 3.1, Oracle stands for using the law
nil/QE;/QZ +n Y% W,, . from Theorem 4.1 with ¢z, = y/n(1 — 3) assumed to be known,
and Onestep stands for Algorithm 1 but taking the first step confidence interval I(«;) to be
the full range [0, 1] instead. For interval length, Simulated stands for the true interval length
from Monte-Carlo simulations. Conservative and Onestep remain conservative except when
B is close to 1, due to the second step in Algorithm 1 taking maximum quantile from
B € I(ay); Oracle has empirical coverage close to 1 — v and interval length close to the true
interval length from Monte-Carlo simulation; the approach of plugging in 5 = 0 becomes
invalid as § deviates from zero. Figure 1 (c) and (d) demonstrate log-log plots of interval
length against sample size, fixing f = 0. While the Monte-Carlo interval length Simulated
interval length oc n~%%2  consistent with the /n-convergence with 3 = 0, Conserv has
interval length oc n7%31 an effect of taking the maximum quantile among 3 € I(ay).

7 Main Technical Contribution

This section reports the main novel technical result in our paper: a Berry-Esseen distri-
butional approximation for Curie-Weiss magnetization with independent multipliers. This
section is self-contained, but omitted details are given in the supplemental appendix.

Lemma 7.1 (Ising Berry-Esseen Bound). For 8 > 0, suppose P[W = w] exp(g Zi#j w;w;),
where W = (W, - W,)T, w = (wy,---,w,)" € {-1,1}", and (X1,---, X,) are i.i.d. with
E[|X;|?] < oo, and independent of W. Then:
(1) Fiz B € [0,1], then sup,p|P(: >0 XiW; < t) — L, (¢; (E[X], E[X2]), 8)|= O(rnp),
where t,5 = n~Y% for B € [0,1], t,5 = n"*(logn)? for B = 1, where L, is given in
Theorem 3.1.
(2) 5UPseion) SUDres [P(E 0y XaWWi < 1) = Ho (6 BLX.], BX?), )| = O(n2(logn)?), where
cgn = /n(B —1), and H, is given immediately after Theorem 4.1.

These result generalize the Berry-Esseen bounds for Curie-Weiss magnetization % S Wi
with multiplers set to X; = 1 for i € [n] obtained by [5] and [6]. Our generalized result differs

from theirs only in a logarithmic term, allowing for fairly general weights with third moment
bounded.

7.1 Proof Sketch of Lemma 7.1

The magnetization n=' Y " | IW; has been studied using Stein’s method [6, 4]. Due to the
multipliers, the Stein’s method can not be directly applied for n='>"  X;W;. We use a
novel strategy based on the following de Finetti’s lemma.

11
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Figure 1: (a) and (b) are empirical coverages and interval lengths of four methods across 8 € [0,1]:
Conservative and Onestep remain conservative except when [ is close to 1; Oracle has empirical coverage
close to 1 — « and interval length close to the true interval length from Monte-Carlo simulation; the approach
of plugging in B = 0 becomes invalid as 3 deviates from zero. (c) shows Conserv interval length oc n =934,
(d) shows Simulated interval length oc n =052,

de Finetti’s Lemma. There exists a latent variable U,, such that Wl, , W, arei.i.d condition
on U,,. Moreover, the density of U, satisfies fy, (u) o exp(—3u’+n log cosh(\/ﬁ/nu)), u € R.

We provide a proof sketch of Lemma 7.1 (2). Rigorous proofs for the other regimes
given in Section 1 of the supplementary material. Denote by C an absolute constant, K a
constant that only depends on the distribution of X;, and O(-) is by an absolute constant.
Throughout, take ¢ = /n(8 — 1).

Step 1: Conditional Berry-Esseen. W,’s are i.i.d condition on U, Wlth e(Uy)
E [X;W;|U,] = J tanh(y/6/nU,), and v(U,) = V [X;W;|U,] = E [X2]—E [X,]* tanh?( \/B/nU
Apply Berry—Esseen Theorem Condltlonal on U,, and take Z ~ N(0, 1) independent to U,

sup|P(= ZXW < t{Un) — P(v/0(Un)Z + v/ne(U,) < t]U,)|< CE [|X;*] v(U,)n~ V2.

teR

Lemma 2 in the supplementary material shows ||U,|l4, < Cn'/%, hence by concentration

12



arguments, sup,cp|P(L Y0 XiW; < t) — P(y/v(U,)Z + v/ne(U,,) < t)|< Kn~'2.

Step 2: Non-Normal Approximation for n~ T Un. Consider Wn = n~'/4U,,. By a change
of variable from U,, and Taylor expand what is inside the exponent, we show W,, has density
satisfying

62

fu, (w) o¢ exp(=Zw? — 2w + g(w)Bin ),

where g is a bounded smooth function. We show based on sub-Gaussianity of W,,, with an
upper bound of sub-Gaussian norm not depending on 3, that the sixth order term is negligible
and supteR\]P’(W <t) —P(W < t)|= O((logn)®>n~1/2), where W has density proportional to
exp(—Sw? — 'fgw ).

Step 3: Concentration Arguments. Since Z is independent to (U,,, W,,), we use data pro-
cessing inequality and the previous two steps to show % o, XiW; is close to n’iv(n%WC)%Z—l—
nie(niW,)). Lemma 2 in the supplementary appendix imply ||W||, < K. By Taylor ex-
panding e(-) and v(-) at 0, we show n'/4e(U,,) is close to E[X;]W and n~*,/v(U,)Z is close
to n~1v(ntW)zZ.

& Discussion

This section discusses related results and future research directions.

8.1 Low Temperature Regime

The low temperature regime corresponds to S > 1, which was excluded from the main results
presented. In this case the Hajek estimator converges to a different (conditional) direct
treatment effect that also depends on which side of the half line sgn(m) = sgn(2 Y1 | T; — 1)
lies on, due to the convergence of * to a two-point distribution depending on sgn(m). Define

Tnt = ZE (1, T_;) = Y;(0; T_;)| fi(+), B, sgn(m) = {], te{— +},

which is a new causal predictand in the context of our causal inference model with interfer-
ence. In the supplemental appendix, and under the assumptions imposed in the paper, we
show that

nlogn logn

),

P e <t =/)— L,(t; 8, K1, =0
Stlelgeer?a}i}| (T — T < tlsgn(m) = ¢) (t; B, K, Ko ( (npm )P T

where g0 = E[(Rie + Qis)] with Rip = fi(1,70) — E[fi(1,m)] + £:(0,7) — E[£(0,7)] and
Qi = Elgis e (f1(1,m) — £4(0,7)|Us], and

2 1/2
Ly (t; B, k1, k) = P(n’lﬂ (Hz(l — 7)) + H%%) /< t)

13



with Z ~ N(0, 1) independent of m, 7, the positive root of x = tanh(Bz), and 7, = % + %7?*,

2
T = %— %71'*. Inference for the conditional estimand is left for future works, with a challenge
in a discontinuity in the estimand as we move from the critical regime to the low temperature

regime.

8.2 Generalized Ising Model

In this work we assumed treatments are dependent through a fully connected graph. It
is also of interest to study settings where the graph underlying treatment assignment has
a block structure, or depends on unit-level properties. In the structured Ising setting, we
might also consider estimation and inference for the block level or heterogenous direct aver-
age treatment effect.

Acknowledgements. Cattaneo gratefully acknowledges financial support from the National
Science Foundation through DMS-2210561 and SES-2241575.
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Abstract

This Supplemental Material contains general theoretical results encompassing those discussed in
the main paper, includes proofs of those general results, and discusses additional methodological
and technical results.
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SA-1 Notation

For a sequence of real-valued random variables X, we say X,, = pr (rp) if there exists N € N
and M > 0 such that || X[y, < Mr, for all n > N, where [|-[|y, is the Orlicz norm w.r.p ¥,(z) =
exp(zP) — 1. We say X, = Oy, 1c(n), tc stands for tail control, if there exists N € N and M > 0
such that for all n > N and t > 0, P(|X,|> t) < 2nexp(—(t/(Mr,))P) + Mn~1/2,

SA-2 Berry-Esseen Results for Curie-Weiss magnetization with In-
dependent Multipliers

For B8 > 0, the Curie- Weiss model of ferromagnetic interaction at inverse temperature g and zero
external field is given by the following Gibbs measure on {—1,+1}":

1
Pg(w) = Z—ﬂexp ngiwj , w=(wy,- -, wy) € {-1,1}", (SA-1)

where Z3 is the normalizing constant.

Suppose W = (Wy,---,W,,) is a random vector with law Pg. Then E[W;] = 0 and m =
n~! >y Wi. The Curie-Weiss model has a phase transition phenomena between regimes. The
case 0 < 8 < 1 is called the high temperature regime, where m concentrates around 0. The case
B > 1is called the low temperature regime, where m concentrates on the set {—m,, .}, ™, being the
unique positive solution to z = tanh(Sx). The case 8 =1 is called the critical temperature regime.

Suppose X = (Xi,---,X,,) has i.i.d components such that E [\Xl\?’] < oo independent to W.
The goal is to study the limiting distribution and the rate of convergence for

n
gn=n"" Z WiX;.
i=1

The magnetization n~! >°" | W; has been studied using Stein’s method [5], [3]. Due to the multi-
pliers, the Stein’s method can not be directly applied for g,. We use a novel strategy based on the
following de Finetti’s lemma to show Berry Essseen results.

Lemma SA-1 (de Finetti’s Lemma). There ezists a latent variable U,, with density

fu, (u) = IJ; exp ( — %uQ + n log cosh (\/EU)),

where Iy, = ffooo exp(—%u2 +nlog cosh(\/gu))du, such that W1, -+, W, are i.i.d condition on U,.

Lemma SA-2. Take U,, to be a random variable with density function fy, (u) = J: exp(—3u? +
nlog cosh(\/gu + h)) where Iy, = [~ exp (—%uQ + nlog cosh (Wu + h)> du. Take W,, =
n‘iUn. Then

1. High-temparature case: Suppose h #0 or h =0, < 1. Then ||U,, — E[Uy][y, S 1.

2. Critical-temparature case: Suppose h =0 and 8 = 1. Then ||Uy||y, < n'/4.



3. Low-temparature case: Suppose h =0 and > 1. Then condition on U, € C;, ||U,—E[U,|U,, €
Gl]“@ Sl

4. Drifting sequence case: Suppose h =0, f=1— cn_%,c € RT. Then ||Up|ly, < cnl/* for large
enough n with C not depending on (3.

Fix 8 > 0. We characterize the limiting distribution of n=! >"% | W; X; and the rate of conver-
gence as n — oo in the following lemma. In particular, we will see that the limiting distribution
changes from a Gaussian distribution under high temperature, to a non-Gaussian distribution under
critical temperature, to a Gaussian mixture under low temperature.

Lemma SA-3 (Fixed Temperature Berry-Esseen). Then
1. When B < 1,

suplP(nt (B[X2) + E[X,—)~dg, < 1) — @y (t)= O(n~}).
teR 1-p

ffoo exp(—z%/12)dz

2. When =1, denote Fy(t) = T (AT

,t €R, then

sup|P(niE[X;] g, < t) — Fo(t)|= O((logn)*n"7).
teR

3. When 8 > 1, denote g, = %Z?:l Xi(W; —myp), C4 =1[0,00) and C_ = (—00,0), then

1— 72 -3
B( 7) )) *gni < tlm € Cp) — P(0,1)(?)]

sup|P(n? (E[XE](l —72) + E[Xi]Qm

teR
=0(n7%), te{-+}

Lemma SA-4 (Size-Dependent Temperature Berry-Esseen). Suppose Z is a standard Gaussian
random variable. (1) Suppose B, =1+ cn_%, where ¢ < 0 does not depend on n. Then

sup
teR

1
P(nig, <t) — P(n iE[X?]2Z + BEE[X;]W, < t)‘ = O((logn)*n"2),
where O(+) is up to a universal constant.
(2) Suppose B, =1+ Cn_%, where ¢ > 0 does not depend on n. Then

sup sup
ceR+ teR

1
P(nig, < tlm € T.;) — P(n E[X2)2Z + BEE[X;|Wep < t{Wep € Toy)

= O((logn)*n"2),

with Ly, — = (=00, Kem—) and Zep+ = (Kepy,00) such that E\Wen|Wen € Zepn o] = Wepye for
te{— +}.

Lemma SA-5 (y/n-sequence is knife-edge). (1) Suppose |8, — 1|= o(n_%), then

sup [P(nig, < t) — P(E[X;]Wo < )| = o(1).
teR



(2) Suppose 1 — (B, > n_%, then

sup
teR

Pwmwé%so—¢@ﬂ=mu

(8) Suppose B — 1> n_%, then for 0 € {—,+},

sup
teR

where T, =[0,00) and Z_ = (—o0,0).

P (Vianl € Zi) (g ~ Blgaln € Zi) < t) - #(0)] = o(0),

SA-3 Pseudo-Likelihood Estimator for Curie-Weiss Regimes

Lemma SA-1 (No Consistent Variance Estimator). Suppose Assumptions 1,2,3 hold. Then there
is mo consistent estimator of nV[7, — T,].

The pseudo-likelihood estimator for Curie-Weiss regime with no external field is given by

B = arg max Z log Pg (W3|W_;)

i€[n]

<Witanh(ﬁn1 >z Wi) + 1)

= arg max Z —log 5

B 1€[n]
Lemma SA-2 (Fixed Temperature Distribution Approximation). (1) If 5 € [0,1), then
~d 1-p
8 — max{l — ,0}.
x*(1)
(2) If B =1, then

(3) If B > 1, we define an unrestricted pseud-likelihood estimator,
B\ = argmaxlog Pz (W; | W_;) = Z —lo 1W tanh(Sm;) +1
UR — %ER gls ¢ —-1) — prt g 9 7 7 5 )
Then

_ 2
Sup’P(nl/Q(B\UR —B)<tlmeZy) — P((M

127 < = o(1).
teR 1-— 1

Lemma SA-3 (Drifting Temperature Distribution Approximation). For any 8 € [0,1], define
csn = /n(1 =), and suppose

Pz <t) =P(Z+niW,, <t), teR.
then

~ 1
sup sup|P(1—-p5<t)— P(min{max{zgi - —zg n, 0}, 1} < t)|=o(1).
Bef0,1] teR o 3n P



SA-4 Stochastic Linearization

Throughout this section, we prove under a more generic setting. We assume W; = 27; — 1, and
(Wi)z‘e[n} satisfies a Curie-Weiss model with a possibly non-zero external field, that is,

Assumption 1 (Curie-Weiss). Suppose W = (W;)1<i<n are such that for some Cgj, € R,
P(W = w) = 6hexp< > wiw; +hZW>
1<i<j<n
where Cgp, is a normalizing constant.

Morever, for the ease of proof, we let g; to be the function such that

11 1
+ =), ze{-1,1}ye[-1,1].

1
gi(:v,y)Zfi(gx 3759135

We denote Ml = Zj;éi E’L’jWia Nz = Zj;éi EZ] Then

> jF#i LT
Zj;éi L

Define 7 = E[W;], m =n=tY " W, and for 1 <i <n, m; =n~! >_ji Wj. Define the following
rates that will be used in the convergence analysis:

9:(T;, T_;) = fi(13, ) = gi(Wi,

n/2, ifB#£1orf=1h#0, n2, iff#£1orf=1h#0,
a = r =
ORTA\ 034 it g=1,h=0, PRT\ 04 i =1,n=0.

1/2, ifB#1orB=1,h=#0, exp(z?) —1, ifB#lorB=1h#0,
Psh = e Yp,n(x) = A e

1/4, ifp=1hrh=0, exp(z*)—1, ifpB=1h=0.
SA-4.1 The Unbiased Estimator

Denote p; = P(W; = 1; W_;) = (exp (=28m; — 2h) +1)"". We propose an unbiased estimator
given by

LY, <1—E>1@]
Tn = .
UB 'n‘z;[ Di 1—p;

Lemma SA-1 (Unbiased Estimator). 7, yp is an unbiased estimator for T, in the sense that,
BT, uBIE, (fi)iem)] = Tn-
We will show the followings have weak limits:

s z”: {TY _(1-T)Y;
Di 1 —pi

Tn| -
i=1



W.l.o.g, we analyse the error for treated data, the error for control data follows in the same way
First, decompose by

Ay =n 2h Zzn; {2}@(1,@ - 1 :Zzgi(—l,w)],
A= Z (b ) (i) () —a(- 1)
Lemma SA-2. Suppose Assumption 1,2, and 3 hold. Then
A1~ E[A B, (ficg] = 0~ Z (2CD LD ga) (w, —m)

+O04y, tc(v/lognn = 5m),
where d = (1 — m)E[g:(1,7)] + (1 + m)E[g:(—1,7)].

. . . T_ .
Now consider As. Since % = i P
1

o+ 1, we have the decomposition,
n

T; M;
Ay =n~28h Z pfl [gi <1, Nl> —gi (1, TF)} =Ao1+ Ao+ As3
(A (A

(SA-2)
i=1

where

ANgq =n~26h Zgg(l, ) <NZ - 7r>,
i=1 :

n
Ago=n"20" Z ZTPZQ: (1,m) <NZ - 7T> )
i=1 ! !

n

T.Y" (1,n) [ M; 2
Aoz =n"2n iChall 20 Sub Il AR (ieltnl AN
’ ; 2p; Ni
where 7? is some random quantity between AL

- and m. Define b = 3, ; ]]E\;]J Y/ (1,7). Then by
reordering the terms,

Az,l = n_aﬂ’h Z bi (WZ — 71') .
=1

Lemma SA-3. Suppose Assumption 1,2,3 hold. Then condition on U such that A(U) € A ={A €
R™™ s mingep) 32,4 Aij > 32logn},

N9 = O¢27tc<lognmzﬁ)](E[Ni\U]_l/2> + Oy, 77,50(\/10g nn”TAR).
S ’

For the term Aj 3, we further decompose it into two parts:

Aoz =As31+ Az3o,



where
IR M; / M;
Baga =n"" ) [gi <1’ M) —obm el <M B W>] ’

1W; — E[W;|W_; M; o
w MWNJP(l)—w@m—¢@ﬂ<N*”ﬂ'

n
Ap 3o =mn" 0" E - )

Lemma SA-4. Suppose 1,2,3 hold. Then condition on U such that A(U) € A = {A € R™"
Mmiley) D,z Aij > 32logn},
Asz1 — E[A231|E, (fi)ien]
_prﬁ /2 (nm8k) + Ol/}ﬁ,h,tC(m?XE[Ni|U]_1/2) + 01/)17150(”_1/2)

+ Oy pe(n? 20" max E[N;[U]~/2).
Lemma SA-5. Suppose 1,2,3 hold. If g;(1,-) and g;(—1,-) are 4-times continuously differentiable,
then condition on U such that A(U) € A,

Ag 32 — E[A232|E, (fi)ic[n)]
Oy, , ate((logn)~H/Ponn=2500) 4 Oy, 4o (log m) /P (min E[N; [ U]) )

—a max; E[N;|UJ? 1/2 , ' B
“%”Gm&%mﬂ$m$> Oyt (w0 i BN U] 0472 )

SA-4.2 Hajek Estimator

Lemma SA-6. Suppose Assumption 1, 2 and 3 hold. Then
[ N; ] + [ N; ]>(1 _B(l_71—2))(772_ﬂ-)—i_OdJl(nier'h)'

7—n_Tn,UB:_< T+ 1 1—nx

SA-4.3 Stochastic Linearization

Lemma SA-7. Suppose Assumptions 1, 2, and 8 hold. Define

gi(L 5 gi(—1, 554 G(U;, Uj)
i = - - i=E - J(Lm) —gi (-1, il-
BT T @ Pl gt 4o
Then,
1 - logn
sup [P(7,, — 1, < t) — P(— i+ Qi —m) <t) = + 1z,
up PG PG (% EIR] + Q)OY: ~ ) = 0] = O(FE2 +x,.)

where t, 3 = v/ny/log n(npn)pr if 8=1,h =0; and /nlog n(npn)f% if 8<1orh#0.
Lemma SA-8. Define Assumptions 1, 2, and 3 hold with h =0, B € [0,1]. Define

gi(LF)  ai(-1,§) G(U;, Uy)
i = : : i =E L L1, m) — gi(—=1,m))|Ui].
Then,
sup sup |P(7, — 1, < t) — lz R; —E[R;] + Qi) (W; — ) < t)| = o(1).
B€[0,1] teR n im1

8



SA-5 Jacknife-Assisted Variance Estimation

Lemma SA-1. Suppose Assumptions 1,2,3,4 hold, and npn — 00 as n — oo0. Suppose the
non-parametric learner [ satisfies f(£,-) € C2([0,1]), and |f (£, 3) = f(6,3)|= op(1), |32f( . 3) —
Do f (¢ ,§)|— op(1), for ¢ € {0,1}, where the rate in op(-) does not depend on 3. Suppose K, is the
jacknife estimator from Algorithm 2. Then

K, = E[(Ri — E[R}] + Q:)°] + 02(1),
where the rate in op(1) also does not depend on 5.

Here we give a local-polynomial based learner f that satisfies requirements of Lemma SA-1
(hence Theorem 4 in the main paper.)

Lemma SA-2. Use a local polynomial estimator to fit the potential outcome functions: Take

f(lax) = /770 + /771‘%7

n

M; M;
0, 71) = i Y; — o — —)K( )ILT:1,
(30, M1) alrvg0 leln;< =Ny 3, (T; =1)

where Kp,(-) = k'K (-/h) where K is a kernel function, h is the optimal bandwidth. Then 7(1,0) =
f(1,0) + op(1), 32f(1 0) = 02f(1,0) + op(1), the same for control group. Moreover, the rate of
convergence can be made not depending on 3.

SA-6 Proof of Main Theorems

SA-6.1 Proof of Theorem 1

The conclusion follows from the stochastic linearization result in Lemma SA-6, and the Berry-Esseen
result for Curie-Weiss magnetization with independent multipliers in Lemma SA-3.

SA-6.2 Proof of Theorem 2

The conclusion follows from the stochastic linearization result in Lemma SA-6, and the (uniform in
B) Berry-Esseen result for Curie-Weiss magnetization with independent multipliers in Lemma SA-4.

SA-6.3 Proof of Theorem 3
The uniform approximation for \/ﬁ(ﬁn — 1) established in Lemma SA-3 implies

i%fpﬁ(ﬂ € Z(an)) > i%f}f”ﬁ(\/ﬁ(l —B)>q)>1—ai+op(1).

where ¢ is the a; quantile of min{maX{Tg;mn — Tgﬁ L/ (3n),0}, 1}
Then by a Bonferroni correction argument, the second step coverage can be lower bounded by

/Bél[lof” Ps(m, € C(Oél,OQ)) > Bg[l()fl] Ps(m, € C(oq,ozg) B eI(ar)) —Ps(B ¢ L(aq)).



Observe that the event 7, € é\(al,ag) conincides with the event 7, — 7, € [infocz(q,)lawe, (1 —

G35, 1), SUDeet () lawe, (1 — 55, n)], where 8= (I?n,l?fl) Hence

inf Pg(r, € C(Oé1,042) B € L))

Be[0,1]

> il Pa(Fn — 7 € [lawe, (1 %g n), law,, (1 — %g )], B € Z(ay))

> inf Py(F, — 7 € [lawe, (1 — 22:8,n), law,, (1 — 22:3,n)]) — Ps(8 € Z(ay))
Be0.1] B\T cg 977 ) cg 977 B 1))

Theorem 2 shows that the quantiles of the distributions of 7,, — 7, can be uniformly approximated by
quantiles from law,, ,, if K1 and kg are correctly specified, and the confidence interval is conservative,
if we use upper boundds for x; and k9. The conclusion then follows.

SA-6.4 Proof of Theorem 4

The conclusion follows from Theorem 3 and Lemma SA-1.

SA-7 Proofs

SA-7.1 Proofs for Section SA-2
SA-7.1.1 Proof of Lemma SA-2

Our proof is divided according to the different temperature regimes.
The High Temperature Regime.

We introduce the handy notation given by F(v) := —%1)2 + log cosh(y/Bv + h). For the high
temperature regime, we note that the term in the exponential can be expanded across its global
minimum v* (which satisfies the first order stationary point condition given by v* = /B tanh(y/Bv*+

h)) by
F(v) =F@*) + F'(v*)(v —v*) + %F(Q)(v*)(v —v")2 4+ 0((v —v*)?)
— F(v) - %(1 — Bsech?(v/Bo* + 1)) (v — v*)2 + O((v — v*)3).

Therefore, to obtain the limit of the expectation, we note that by the Laplace method given similar
to the proof of Lemma SA-3 and the definition of V,, := n=1/2U,,:

Jrvexp (—nF(v)) dv _
Jg exp(—nF(v))dv

Then, we note that for £ € N, when h = 0 and 8 < 1 we use the Laplace method again to obtain
that for all £ € N,

E[V,] = v*(1+0(n~1)).

Ja(v —v*)* exp(—n(F(v) — F(v")))dv
Jrexp(=n(F(v) — F(v*)))dv

_ ;%(nu : Bsechf(m* . h)))gr(”; 1)(1 0.

10

(1+0(n™)

E [(Va — EVa))*] =




Then we can obtain that for all t € R, we have

o Ly x 20
Elexp(t(Va — BV, )] = D GEI(Va — BV = 3 Bl (Ve — BV )]
/=0 /=0

(14 0(1))t2
< exp (Qn(l — Bsech?(y/Bv* + h)))’

which alternatively implies that
« 1
1Un = EUn]llya= "2 Ve = EVa]llg< (1 +0(1))(1 = Bsech®(v/Bo™ + h)=. (SA-3)
The Critical Temperature Regime.
Then we study the critical temperature regime with 5 = 1. Note that one has E[U,] = 0 and for
all / € N we have
1 1 1
F(v) = F(0) + F'(0)v + 5F@)(O)v? + 6F<3> (0)0® + ﬂF<4>(0)u4 +0(°)

1
= F(0) + ﬁv4 + O(v°).

Then we can obtain that £ € N,
_ Jgv* exp(—nF(v))dv

2 = o(1))- 2073 . 35+
E[Vn ]  Jgexp(—nF(v))dv (1+0(1))-2 s

1 (23/2 : 33/4r(3/4)>fF <2£+ 1) .

< (o) 2\ =i/ 2

And we immediately obtain that

= RV <i 1+ 0(1) 1(21/2.33/4ﬁr(3/4)>fP <2£+1)#

E [exp(tVin)] = ZZ:% T(1+0) = 2 TA+20)va\  n/2r(1/4) >

o (1200, (23/;1‘/2:?5;/4)))’

which finally leads to

/2.33/
Vol < (14 o<1>>\/ ey o) (544

The Low Temperature Regime.

We shall note that at the low temperature regime the function F(v) has two symmetric global
minima v; > 0 > v, satisfying

F'(v1) = F'(15) =0 = vy =+/Btanh(y/Bvs+h) for £ e {1,2}.

Then we can check that by the Laplace method, for all ¢ > 0 (following the path given by the high
temperature regime) we have

Jioro0) D (Hv = v1) = nF (v)) dv
f[o,oo) exp(—nF(v))dv

ex (14 o(1))t?
- P <2n(1 — \/Bsech2(\/3v1)))'

Elexp(t(Vy, — E[Vp|V, > 0]))|V, > 0] =

11



Then we similarly obtain that Elexp(t(Vy — E[Va|Va < 0]))|Vs < 0] = exp (2n(17%§§g;@%))).

Hence we obtain that
[V = E[Va|Vn < 0]V, < Osz = [|Va = E[Va|Vy > 0]V, > Osz
< (14 0(1))(1 — Bsech®(\/Buy))2. (SA-5)
The Drifting Sequence Case.

Then we consider the drifting case.

First consider 2 =1—c¢n™2 with ¢ € RT and 8 > 0. We will show that for any fixed n, ||[W, ||y,
is increasing in 8 when 3 € [0, 1]. This will imply that in the drifting case, ||W, ||, will be no larger
than its value at the critical regime.

For a comparison argument, denote Fg(v) = —%vQ +log cosh(y/Bv). Let 0 < 81 < B2 < 1. Then

exp(nFp,(v))

oxp(nFy, (0)) — CP(logcosh(v/Bzv) — nlogcosh(y/Brv)),

where

d cosh(v/Bov) _ (vB2 — VB1)sinh((v/B2 — VB1)v)

= > 0.

dv cosh(y/B1v) cosh?(y/B1v)

Hence for any n € N and ¢ > 0,

ftoo exp(nFg(v))dv
Jo " exp(nFp(v))dv

increases as 3 € [0, 1] increases. This shows that ||, ]|y, increases as 3 € [0, 1] increases. Together
with Equation (SA-4), we have under 3, =1 — ﬁ, 0<ec<+/n,

P5(|Wn|2 t) =2

1/2 . 23/4
Nalle: < (1 +o<1>>\/ e

where o(+) is by an absolute constant.

Then we consider § =1+ en~3. We shall note that under this situation it is not hard to check
that

Elexp(tV,)] = = (Elexp(tV,)|Vy > 0] + Elexp(tV,,)|V, < 0])

(E[exp(t(Vy, — v4))|Vy > 0] exp(tvy) + Elexp(t(Vy, — v-)) |V, < 0] exp(tv-)) .

N =D =

Then, under this case we have by Taylor expanding F at 0 and the fact that sup,cp|F®) (v)|< oo,

\/3370712(1} —u)? - %”(” —u)! = O(n(v - UZ)5)>.

v, (v) x Z 1(v € C))exp < - cn%(v —u)? -

le{—,+}

Before we start to upper bound the moments, we first use the fact that v, = O(n*1/4) to obtain
that

/ v? exp (—\/%v‘g) dv < n_iv?f exp(—=V3en VYY) =0 (n_1/4_€/2) :
(_UJrvO)

12



Then we obtain that

2 (_cvz V3c. 3 12

[ v?t exp v dv
(Costoo) ’ ) (1 +0(1))

4
E[(V, — v )|V, > 0] =n"2
f(fv+,+oo) exp <_C”2 Vs — 12”4) dv

Jz vzeexp(—chQ)dv—i—f(_y+ +OO)1) Cexp(—V3cv?)dv + [ v¥ exp(—1ot)dv

f(_v+ 4 o0) XD <—cv2 — @03 — %v‘*) dv

Jg v* exp(=3cv?)dv + [, v*¢ exp(—v3cv?)dv + [ v* exp(—Tvt)dv
f(fv.,_,Jroo) exp (—cv2 - %1)3 - ﬁv‘l) dv

n~5(1+ o(1)) <(?3 (;})gr (z + ;) + 64(36)_§I‘<23€ + ;) +C52'T (5 + D)

(30)71/2
3f(7v+7+00) exp(—ch—@1}3—%1)4)&)7
o 2-3/2 . ..
and C5; = T 3—iv4>d . Therefore, we can simply use the definition of the m.g.f.

f(fv_‘_,Jroo) exp(_
to obtain that

n”3(1+ o(1))

| /\

n*%(l +0(1)) + O(n~1/A=12)

with C3 := Cy = 1

>
9f(7u+,+oo> exp(—cvz—glﬁ—%v‘l)dv

0 420 )V,
E[exp(tQ(Vn . U+)2)‘Vn > 0] _ Z t E[(V}@g:_) 1)’V > 0]
=0

IA

(1 +lf((21£2)4r1§/2t2f ((?3 <316>€F<£+ ;) + 04(36)_31“(236 ;) . 652€F<§ . i))
(14 o(1))n=4/242

Tl ) <03(3C)_1F<;> + C4(3¢)7H3r(1) + 205F<Z>>ZF<%2H>

< (1-2202/0%) 2, o= (Gg(?)c)_lF(;) + C4(3e)713r(1) + 2@;(3))5.

Then we use the fact that E[V,|V,, > 0] = v; to obtain that (here we use proposition 2.5.2 in |7])

M2 10

IN

~
Il
=)

Elexp(t(Vn, —v4))|Vy > 0] < exp (18e2n_1/202t2> .

Similarly one obtains that E[exp(t(V,, — v_))[Vy < 0] < exp(18e2n~1/26%t%). And hence

1
(exp(tvy) 4 exp(—tuvy ) exp(18¢*n~2621%) < exp <2t2vi> .

N

Elexp(tV,,)] <

SA-7.1.2 Proof for Lemma SA-3 High Temperature

Throughout the proof, we denote by C an absolute constant, and K a constant that only depends on
the distribution of X;.
Take U, to be a random variable with density

exp <—§u2 + n log cosh <\/§u)>
75 exp (—;UQ + nlog cosh (ﬁv)) dv

13

fu, (u) = , u e R. (SA-6)



By Lemma SA-3, condition on U,,, W; are i.i.d Bernouli with

P(W; = 1|U,,) = ;(tanh(\/EUn) +1).

We characterize the conditional mean and variance as

e(U,) = E[X;W;|U,] = E[X;] tanh <\/§Un>,

v(Un) = V[X;W;|U,,] = E [X?] - E [X;]” tanh? (ﬁu,& (SA-7)
Moreover, we have E [| X2 (W; — 7)3| |U,] < E [|X;i[*].
Step 1: Conditional Berry-Esseen.

Apply Berry-Esseen Theorem conditional on U,,,

t —/nE [ X;W;|U, = u]) ‘ _ E [|X,] e

sup sup
V [X;Wi|U,, = u)'/? v(Up)

u€R teR

P(gn§t|Un:u)‘I><

Since v(U,,) > V[X;] + E[X;]? sech?(/B/nU,,), and be Lemma SA-2, ||U, |y, < Cn'/4. Hence

dis (90, 0(U)"/Z + V/e(U,))

| @@ iu—w-o <t_\/ﬁe(un)))fun(u)du

:Sup e ’U(Un)l/Q

teR
SKn*I/z.

Step 2: Approximation for U,.

Take U ~ N(0, (1 — 8)~') independent to Z. Consider V,, = n~%/2U,,. Then
L o
v, (v) < exp —5mv + nlog cosh (\/Bv) =: exp (—no(v)),

where ¢(v) = —10? 4 log cosh(y/Bv). And ¢ is maximized at 0 with ¢”(0) =1— 8 > 0.
We will approximate the integral of fy, by Laplace method. By Equation (5.1.21) in [2],

/_ " exp (—ng(v)) do = - (f,f}o) exp (—né(0)) + O <W>

= \/%exp (—no(0)) [1 + O(n_l)] )

where the O(n™!) term only depends on n and ¢. It follows that

ng”(0)

v, (v) = 5 CXP (—np(v) + ne(0)) [1 + O(nil)] .
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Then by a change of variable and the fact that O(n~1) term does not depend on v,

¢"(0)

fua(w) =/ ——

exp (—n¢(n*1/2u) n nq5(0)> 1+ 0 ). (SA-8)

Taylor expanding ¢ at 0, we get

—ng(n~?u) + ne(0) = ¢//2( ) 2 — tanh(/Bvs + h) sech? \[U* (SA-9)
—3 (1 — B) (u* — tanh(y/Bu,) sechQ(\/Bv*)ﬁ, (SA-10)

where v, is some quantity between 0 and n~/2u. Then

dTv<un,u>—/ [fu () — fu ()] du

<[y (0 -0v)

. [exp( tanh(v/Bos(u)) sech?(y/Bu.(u) \jﬁ) - 1} du[1+0(n™ )],

where v*(u) is some random quantity between 0 and n~/2u. We will show that we can restrict
the analysis to the region [—cgv/logn, cgy/logn], which is where the bulk of mass lies, with cg =
(1 —B)"Y2 Since U ~ N(0,(1 — B)™1), P (JU] > cgy/logn) < n~'. By Lemma SA-2, we also
have P (]Un| > C’B\/log n> < n~!, where c/’g is a constant that only depends on 3. Take dg =

max{cg, cg }, and use the boundedness of tanh and sech and the Lipschitzness of exp when restricted
o [—1,1], we have

Viogn 1
dpv/log #"(0) exp (_;(1 B ﬁ)u2>

: [exp( tanh(y/Bv.(u)) sech?(v/Bu. (u) \;) - 1] du[l+O0m™H] +0mn™1)

doviogn  [g1((0) Lo |ul? -1 -1
S/—aﬁm - exp<—2(1 B)u) fdu[ + O] + 0™

=0(n~1/?).

dry(Up, V) < /
—dgv/logn

Step 3: Data Processing Inequality.

We can use data processing inequality to get

dks (”(Un)l/QZ +V/ne(Up), v(U)?Z + \/ﬁe(U)> < drv (Up,U) = O(n~1/2).

Step 4: Stabilization of Variance.

15



By independence between U and Z, we have

dxs (v(U)”QZ + vne(U)), E[(U)]/?Z + \/ﬁe(U))
- [r (i) - (gpome )

gsupm[‘¢< f)f§2))<tfe< ) (v(U)72 — Efo(U)]2)

teR

|\

where v*(U) is some quantity between E[v(U)] and v(U), and by Equation SA-7, v*(U) > C71V[X;].
It follows from boundedness of v(U) and Lipshitzness of tanh in the expression of v(U) that

dics (U(U)Wz + /ne(U)), Ep(U)]/2Z + \/ﬁe(U)>

¢ (t - ﬁe(“) (t - re(w))

2E[X?]

< sup sup

——F
teR ueR 2,/C71V[X]]

:O(nfl/Q).

Step 5: Gaussian Approximation for /ne(U).

In this step, we will show that \/ne(U) can be well-approximated by v/SU and hence y/ng,, can
be well-approximated by a Gaussian.

dis (E[o(U)]/2Z + v/ne(U), Elo(U)]2Z + /BU)
t — v/ne(U) t —+/BU
Sepk {‘I’ ( Efo(U)]/2 ) -° (E[vw)}l/zﬂ
<guqume Ve - v
X1V3U+0 (0% + o)

— E[Xi]\/BU + O < > +0(n"1/?),

It follows that E H\/ﬁe(U) - \/BUH = O(n~"?) and hence

Taylor expanding tanh at 0,

\ ™

Vne(U) = ftanh(

S5

dis (E[0(U)]/2Z + Ve(U), Elo(U)]/2Z + E[X{]V/BU) = O(n~"/2).
Recall U ~ N (0, (1 — 8)7"), hence E[X;]v/BU ~ N(0,E[X;]?£ £ 5). Moreover,

E[v(V)] = E[E[X]E[W?|U]] - E[E[X:]*E[W;|U]?]
[X7] - E[X:E[W;|U]”

E
E[X?]+O(n™'/?),
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where the last line is because E[W;|U] = tanh(,/8/nU) and U is sub-Gaussian. Since Z_ Il U,

dxs <E[U(U)]1/2Z +E[X,]\/BU, N (0, E[X7] + E[Xi]21ﬁﬁ> — O(n~112).

Combining the previous five steps, we get

s (Vign. ¥ (0,802 + B2 ) ) =0,

SA-7.1.3 Proof for Lemma SA-3 Critical Temperature

Throughout the proof, we denote by C an absolute constant, and K a constant that only depends on
the distribution of X;. The proofs for the critical temperature case will have a similar structure as
the proof for the high temperature case, based the same U,, defined in Equation (SA-6).
Step 1: Conditional Berry-Esseen.
The same argument as in the high-temperature case gives
dks (gn, U(Un)1/2z + \/ﬁe(Un)> <Kn~ /2

Step 2: Approximation for U,.

Take W to be a random variable with density function

2 1
e - (). s
independent to Z. Take W,, = n=Y/4U,, and V,, = n=Y2U,,. Again fy, (v) x exp(—n¢(v)), where
¢(v) := —3v? + logcosh(v). In particular, #™(0) =0 for all 0 < v < 3, and ¢ (0) = -2 < 0,
) (0) = 0, $(©(0) = 16 > 0. Example 5.2.1 in [2] leads to

—n% \/5 explnol\v) —n o
Funle) = 3t (o) =m0 + o)

which implies fw, (w) = fiw(w)(1+ o(1)). Results in [2] do not give a rate, however. We will use a
more cumbersome approach to obtain a slightly sub-optimal rate.

By a change of variable, fw, (w) = fmh;;i%, where h,, can be written as
1
hyn(w) = exp <—\/27€w2 + nlog cosh (n_iw>> = exp <—12w4 + g(w)n_éw(a) .
The last equality follows from Taylor expanding the term in exp(-) at w = 0, and g is some bounded
function.
10+y/logn 1 10y/log n 1
/ hn(w)dw = I,(1 + O((logn)®*n"2)), I, := / exp ( — w4> dw
—10+/logn —10+/logn 12

17



Moreover, f[iwm 10yTog e h(w)dw = O(n=?) = I,[1 + O(n_%)] Hence for denominator, we
have [%_ hy(w)dw = I,[1 + O((log n)3n_%)] It follows that

dTV(Wn7 W)
10+/logn 1 ) 10+/logn )
SJ/ I texp ( — w4)n_2w6dw+/ I7'0((logn)3n™2)dw
—10+/logn 12 —10+/logn

+ P(|W,,|> 104/logn) + P(|W|> 10+/logn)

=0((log n)?’n*%).

Step 3: Data Processing Inequality.

We can use data processing inequality to get

dxs (v(un)lﬂz + ne(Uy), v(n'/AW) 2z + \/ﬁe(n1/4W)) < dry (W, W) = O(n~1/2).

Step 4: Non-Gaussian Approximation for n%e(niW)

nVe(n}/*W)) = E[X,]n1 tanh <n‘iW> = E[X] {W 0 (3{?)]

where we have use the fact that tanh(Z)(O) = 0. Hence there exists C' > 0 such that for n large
enough, for any t > 0,

P <E[Xi] [vv n C%] < t> <P (n1/4e(n1/4vv)) < t) <P <E[Xi] [w - C\\//Vi] < t> . (0)

n
We have showed that there exists ¢ > 0 such that
P(W|> cv/logn) < n1/2, (1)

in which case W2/y/n < 1 for large enough n. Hence for large enough n if t/E[X;] > cy/logn + 1,
then

P(Wwf sy WIS eviosn ) (W g wiseviogn) <o @

If0 < t/E[X;] < c\/logn + 1, then

(W f sy Wi evioen) —p (W< gy ]’W’“m)’
gIP’( t SW§1—\/1—4n 1/2¢ [E[X. ]|W|<C\/@>.

E[X;] 2n—1/2

Now we study g(z;a) = (1 — /1 —4za)/(2z),z > 0. Then SUP,< 1 SupOSxS%W(m;Oz)K 2 and
9(0;a) = au. Since for large enough n, 0 < t/E[X;] < cy/logn +1 < 1 and 0 <n~1/2 < 1 we have
L=/A-dn 1A /BLX I < t/E[X;] + 2n~ Y2, Hence if 0 < t/E[X;] < cv/Togn + 1,

—1/2

\IP( V} s WIS eviogn ) =2 (w < Ll wis eviogn )| = 00 )

18



Combining (1), (2), (3),

sup P (W V% <grey) P (W= g )| =oe)

By similar argument, we can show

P (W= 5 = g5y ) -2 (W= g )| =00

Noticing that W and —W have the same distribution, the above two inequalities also hold for ¢ < 0.
Hence it follows from (0) that

dics <n1/4e(n1/4W)),E[Xi]W> — O(n~1/2).

Step 5: Vanishing Variance Term. Denote by f\y,,,-1/4z the density of W + n~Y4Z. Then

= \/i 1 exp(—+/nz?/2
Fwin-1142(y) = /OO m exp ( - ﬁ(y - x)4) de‘

We will use Laplace method to show f\y,-1/47 is close to fiy. However, to get uniformity over
y, we need to work harder than in the high temperature case. Define p(z) = x?/2 and g,(t) =
exp(—(t — y)*/12). Consider

oo 0
L) = [ aenapid L= [ aOem(-xpl)
Following Section 5.1 in [2], take 7 > 0 such that ¢(t) = 7, by a change of variable,

0 oxp(— _ 4
e -aryr = [ wz;? »)'/12)

To get rate of convergence uniformly in y, we follow the proof of Watson’s Lemma but consider only
up to first order term. Taylor expanding = + exp(—x)/12 up to first order at y, we have

expl— — 4 exp(— 4 7_*
p( (\/\27? y) /12) — p(\/g?/12) + %exp(_y4/12)y3 + h’yé)\/ﬂ7

where 7% is some quantity between 0 and /27 and

I ) = exp(-30) [ [gy“)

2'(t) exp(—AT)dr.

t—s@‘l(f)}

hy(u) = —exp(—(u — )*/12)(u — y)* + %exp(—(u —y)*/12)(u —y)°.

In particular, we have sup,cp sup,eg|hy(u)|< C for some absolute constant C. Then

C (3
< —T(2)A32, wa>o0.
V2 <2>

/00 hy (77) \/Eexp(—)\T)dT
0

sup 5

yER

Evaluating the first two terms, we get

sup
yeR

o) = [ ep(oy12) = [ L exp(—y* 120 expl-r)dr

C (3
< =T 2232 vx>0.
V2 <2>
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Similarly, for I, _, change of variable by taking 7 < 0 such that ¢(t) = 7, we have

1
Iy, —(A) — 4/ %exp(—y4/12) +/0 gexp y1/12)y3 exp(=A7)dr| < \%F(g)A_‘gm,V)\ > 0.

Combining the two parts, we get

/°° gy(t) exp(—Ap(t))dt — ﬁeXP(_y4/12)‘ = Ovar <2> e

sup
yEeR

sup
yeR —o0
Now take A = y/n and multiply both sides by 31/4F( )\F’ we get
V2I(3)
Sup | fn-1/47(y) — exp(—y4/12)‘ <Coqmere=n 2
yew [T 3R (Y) BAT(H)yr
By a truncation argument, we have
dgs(W +n~4Z,W) < dry(W +n~14Z,W)
Vlogn
= [ lwsncia(®) = wl)ldy + BOW +07Z]> fiogn)
—+/logn

L P(W|> /Iogn)
< Cv/n~llogn.

Together with the fact that
n~Y4u(nM*W) = n~VYE[X?] — E[X;)? tanh? (/B 4W))/2
n=UEIX]Y2(1 A+ Oy (n™11),
we know
dxs(n™ Y4 o(n*W)Y2Z 4 nMie(n'/*W), W) = O(y/log nn~1/?).
Putting together all previous steps, we have
dis(n'/*g., B[X;]W) = O((log n)*n~"/?).

SA-7.1.4 Proof for Lemma SA-3 Low Temperature

Throughout the proof, we denote by C an absolute constant, and K a constant that only depends
on the distribution of X;. The proofs are based on essentially the same argument as in the high
temperature case.

Instead of using sub-Gaussianity of U,, here we use U,, is sub-Gaussian condition on U,, € Z,,
¢ € {—,+}. In particular, the previous step 2 by:

Step 2: Approximation for U,.

In case 3 > 1, ¢(v) = 3v* — log(cosh(y/Bv)) has two global minimum vy and v_, which are the
two solutions of v — /B tanh(y/Bv) = 0. We want to show ¢?(vy) = ¢@(v_) =1 - 5 +v2 > 0.
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It sufffices to show vy > /B — 1. Since ¢'(v) < 0 for v € (0,v4) and ¢'(v) > 0 for v € (v4,00), it
suffices to show ¢'(/8 — 1) < 0. But

¢ (VB—-1)<0e /B —-1—+/Btanh(\/B(B-1)) <0e B> 1.

Hence ¢ (vy) = ¢®(v_) > 0. Observe that on Z_ = (—00,0) and T, = (0, 00) respectively, the
absolute minimum of ¢ occurs at v_ and vy, and ¢’ is non-zero on Z_ and Z, except at v_ and vy..
Hence we can apply Laplace method (Equation 5.1.21 in [2]) sperarately on Z_ and Z; to get

0 ™
| explenotodo = [ expl-now )1+ O,
°° 2m _
|| exp(natw)an = | exp(nofv.))(1+ O ~).

It follows from the definition of fy, and a change of variable that the density of U,, = /nV,, can
be approximated by

P20 exp(—n(n=/20) + ngln2u))(1 + O(n~)),

fu.(w) = L(uel) &

I=+,—

where w; = v/nv;, L € {+,—}. Since P(U, € Z;) = P(U, € ZT_) = %, condition on U, € Z,,

2)(p
fununez, (u) = ¢22(7T+) exp(—ng(n~?u) + np(n~?ui))(1 + O(n1)).

It then follows from Equation SA-9 that if we define UL to be a random variable with density

_ v2
fo ) = [ T exp(—(1 - B+ 02— )2),

then by Taylor expanding ¢ at vy = n~/ 2u, and a similar argument as in the proof for high
temperature case,

dTV(Un|Un € I+, U+) = O(n_l/Q)'

The rest follows from the same argument as in the proof for high temperature case and is sub-
Gaussianity of U,, condition on U,, € Zy, £ € {—, +}.

SA-7.1.5 Proof for Lemma SA-4 Drifting from High Temperature

Throughout the proof, we denote by C an absolute constant, and K a constant that only depends on
the distribution of X;.
Let Uy (c), e(Un(c)), v(Un(c)) be the latent variable, conditional mean, and conditional variance

as previously defined when 3, = 1+ cnfé, ¢ < 0. For notational simplicity, we abbreviate the c,
and call them U, e(U,,),v(Uy,) respectively. By Lemma SA-2, ||U,,||,, < Cn'/4.

Step 1: Conditional Berry-Esseen.
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Apply Berry-Esseen Theorem conditional on U, in the same way as in the high temperature
case, we get

dxs (gn, v(Un)'2Z + \/ﬁe(Un)) < Kn~Y/2.
Step 2: Non-Normal Approximation for nfiUn.

Consider W,, = n~Y/4U,. Then fw, (w) = I(c) " hy(w), with I, (c) = [ hy(w)dw, and

o0

2
hn(w) = exp <—\/jw2 + nlog cosh (n_% ﬂnw>> = exp <—;w2 - %w4 + g(w)Bf’ln_éw(S) ,

where by smoothness of log(cosh(+)), ||f]|cc < X. Then

Cy/logn Cy/logn c 52 1
/ b (w)dw = / exp(—=w? — Z2w)dw[1 + O(C®(logn)>n=2)] (SA-11)
—C+y/logn —C+/logn 2 12
= I(c)[1 + O(c®(log n)*n"2)). (SA-12)

Moreover, by a change of variable and the fact that 5, <1,

2

I,(c) := /_Z b (w)dw = ni /OO exp ( - n(% - logcosh(\/m)))dv

—0o0

2

<n’14 / exp ( - n(% — logcosh(\/a)>>dv <CcC.
Since || W, (¢)|ly, < C, I(c)™? f(—C\/@,C\/@)C h(w)dw < Cn~=1/2. Tt follows that

/ B (w)dw < Cn~Y/2, (SA-13)
(—Cy/1og n,Cy/log n)°

Combining Equation SA-11 and SA-13, we have I,,(c) = I(¢)[1 + O(C®(logn)3n=1/2)]. It follows
that

drv(Wp, W)

Cylogn
S/ nl) h(w)’derP(IWnIZ ¢y/logn) + P(|W|> ¢y/logn)

—cvlogn | Inc)  I(c)

VIR | (w) — h . X
</ g @l - gl + 0w

~cviogn .

cVIogn c224w6d cvlogn s 1
< _ G2 _bn 1 e _1 1
_/_C\/@exp( oW 1% )\/ﬁ[(c) w+/_cml(6)0( (logn)3n~=2)dw + O(n™2)

<C(logn)*n=1/2.
Step 3: A Reduction through TV-distance Inequality.
Since Z_Il (U,,, W,,), we can use data processing inequality to get
dks (n_iv(Un)%Z + nie(Un), n_%v(niW)%Z + nie(niW)) < drpv (Wp, W)

< ¢(logn)>n~1/2.
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Step 4: Non-Gaussian Approximation for n%e(niW).

This is essentially the same as the proof for step 4 from the critical temperature case in
Lemma SA-3.

1
dics (n1/4e(n1/4W),E[Xi]W) <K ‘fﬁ”.
Step 5: Stabilization of Variance.
Using the same argument as Step 4 in the high temperature case for Lemma SA-3, and [|W|| <K,

logn

N

dxs(n~ To(nTW)2Z + nie(niW), n 1E[X2]2Z + E[X;]W)) <K
The conclusion then follows from putting together the previous five steps.

SA-7.1.6 Proof for Lemma SA-4 Drifting from Low Temperature

Consider the same U, defined in Equation (SA-6). Recall ¢(v) = % — log cosh(v/Bpv), ¢'(v) =
v — v/Bp tanh(y/Bpv), 0@ (v) = 1 — B, sech?(v/Bpv). And we take vy > 0, v_ < 0 to be the two
solutions of v — /By, tanh(y/Brv) = 0.

Step 2’: Non-Normal Approximation for nfiUn.

Take V,, = n~%2U,,. Then v, (v) x exp(—np(v)). Taylor expanding ¢’ at 0, we know there
exists some function g that is uniformly bounded such that ¢'(v) = (1 — 8,,)v + %ﬁ%vg + B3g(v)vd.
Hence

vt = ?“ﬁ;;” +0(Bn — 1) = V3en M+ O(n~1/2).

Taylor expand tanh and sech at 0,
oD (v) =1=fn+0}
= —en V2 £ 3en V2 (1 + O(en™V?) 72 4 O((en™1/%)%/2)
=2en"V2(1 + O(en™1/?)),
¢ (v4) = 2(B, — v}
= 2632 sech?(\/Bnvy ) tanh(y/Bavy)
=2(1+0(en™ ) (1 + OWI)(V/Buvy + O(v}))
= 2v3en Y4 (1 4+ O(en™1?)),
oW (vy) =2(8 —v})(8 - 30%)
= 2832 sech® (\/Bnvy ) — 452 sech?(v/Bnvy ) tanh?(y/Brvy)
=2(1+ O(en™Y?)).
Take W,, = n'/4V,, = n=1/4U,,, w; = n'/*v, = V3c+ O(n~Y*), and w_ = n'/*v_. Define

hen(w)
Vng® (vy) n!/46® (vy) s 0W(vy)

- f(w - ngn(w)) - T(w - ngn(w)) - 24 (’LU - ngn(w))4'
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By a change of variable and Taylor expansion, the density for W,, satisfies

_ 6
o ()0 g 0) = 50 () + 016 o ) 2200, ($A-14)
By Lemma SA-2, for £ € {—, +}, condition on W,, € Z.,, s, W,, — wy is sub-Gaussian with t»-norm
bounded by C. Let W, be a random variable with density at w proportional to exp(h¢n,(w)). By
similar argument as Equations SA-11 and SA-13,

dxs(Wn Wy, € Ze o, Wen|We,n, € C) < C(log n)*n 1/2)

The other steps, condmonall Berry Esseen, reduction through TV-distance inequality, and non-
Gaussian approzimation for n4e(n4wcn) can be proceeded in the same way as in the proof for
Lemma SA-3, with W,, — w; sub-Gaussian condition on W,, € Z.,,  with 2-norm bounded by C,
and respectively for W ,.

SA-7.1.7 Proof for Lemma SA-5 Knife-Edge Representation

Again we take U,, to be the latent variable from Lemma SA-1, and W,, = n_1/4Un. From Step 2 in
the proof of Lemma SA-4, fw, (w) = I(¢)  hy(w), with I,(c) = [ hn(w)dw, and

2
b (w) = exp(—\éﬁw2 + nlog cosh(n_% Brw)) = exp(—%w2 [13211} +g(w )ﬂfbn_%wﬁ),

where by smoothness of log(cosh(+)), [|0]lcc < K.

Case 1: When /n(3,—1) = o(1). We can apply Berry-Esseen conditional on U,, the same way as
in the proof of Lemma SA-4, and its Step 2 can also be applied here to show that if we take V~Vc to
be a random variable with density proportional to exp(—c2 /2w? — 82 /12w?), then dxg(Wp, W.) =
O((logn)3n=1/2). Moreover, ¢, = o(1) and 8, = 1 — o(1). Hence dxs(W,, Wq) = o(1). The rest of
the proof then follows from Step 3 to Step 5 in the proof for the critical regime case in Lemma SA-3.

Case 2: When /n(1 — 3,) > 1. Again we still have ||U,|ly, = O(n'/*). Similarly as in the
previous case, the first two steps in the proof of Lemma SA-4 implies sz(Wn,WC) = o(1), where
the density of W, is proportional to exp(—c2/2w? — 82 /12w?). Since ¢, > 1, the first term in the
exponent dominates, and we can show dxs(W,, W) = o(1), where Wl has density proportional

to exp(—c2/2w?). Again, we can Taylor expand to get n'/%e(n'/*W)) = E[Xz]ni tanh (n_iW) =

E[X;][W — O(?Y\\ﬁ)], and show dis(n*/4e(nt/*W}), E[X;]W}) = o(1). Combining with stablization

of variance as in the proof of Lemma SA-2 (high temperature case), we can show
dics (gn, ™ EIX])PZ + E[XW]) = o(1).
Since Z and W/ are independent Gaussian random variables, we also have dks(gn/+/V]gn], Z) = o(1).

Case 3: When /n(8, — 1) > 1. By Lemma SA-4 (2),

1
sup [P(nig, < tlm € Tey) — P(n~TE[X?|2Z + BZE[X,]W
teR

<tWe,n € Zcg)| =0(1), (SA-15)

Cn,M
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where W, ,, has density proportional to exp(hen(w)), with

hen(w)
\/ﬁ¢(2) v n1/4¢(3) v ¢(4) v
= %(w - wsgn(w)) - 6(—’—)(7*0 - ngn(w))3 - %(w - ngn(w))4a
and Z., — = (=00, Kcpn—) and Zep + = (Kep4,00) such that EW, ,|Wer € Ze o] = wen,e for
¢ € {—,+}. Now we calculate the order of the coefficients under \/n(3, — 1) > 1. First, suppose
Brn =1+ cn? for some 7 € (0,00) and ¢ not depending on n. Then vy = ?’(55”7%_1) +0(B,—1) =
V3en=7/2 4 O(n~7). Taylor expand tanh and sech at 0,

P (vy) =1—Bn+ vi=—cnT+en 314+ en )2+ O((ecn™7)%?)
=2cn" (14 0(en™)),

o3 (vy) = 2832 sech?(\/Bpvy) tanh(y/ vy )
— 21+ O(en™"))(1 + 0(v2)) (v Brvs + O(v2))
= 2v3en™2(1 4+ O(en™)),

oW (vy) = =282 sech?(\/Bv) + 4sech?(y/Bpv) tanh?(\/B,v)
=-=2(140(en™7)).

We see when v = 1/2, all of v/n¢® (vy), n'/4¢®) (vy) and ¢ (vy) are of order 1. And when ¢, =
V(Bn—1) > 1, we have /no® (vy) > n1/4¢® (vy) > W (vy). Since wy = n'*v; = /3c, > 1,
and similarly, |w_|> 1, condition on W, € [n], W¢, — E[W.,|W,,, € [n]] is C-sub-Gaussian,
¢ € {—,+}. By similar concentration arguments as in the proof for Step 2 in Lemma SA-4 (1), we
can show the second order term in A, dominates, and for £ € {—, +},

sup|P(We,, — E[Wen|We € Zp] < H{Wep, € Ip) — ®(1/n(l — Bn + v7)t)|= o(1).
teR

The conclusion then follows from pluggin the (conditional) Gaussian approximation for W, ,, back
into Equation (SA-15), and the fact that Z is independent to W, ,, and also Gaussian.

SA-7.2 Proof of Section SA-3
SA-7.2.1 Proof of Lemma SA-1

Our proof is constructive. We show that consistent estimate of nV[7,] would imply that one can
distinguish between two constructed hypotheses easily. Let #,, be the class of distributions of random
vectors (W = (Wy,---,W,), Y = (Y1,---,Y,)) taking values in R?" that satisfies Assumptions 1,2,3.
Consider the following two data generating processes:

vopn=1 Yi() = fil) e fils)
=1 Yil) = fils )+ fis)

where 0 < u < 1, and in both cases (¢; : 1 <7 < n) are i.i.d N(0, 1) random variables, independent

n)
to W. Denote by Py, and Py, the laws of (W,Y) under DGPy and DGP;. Then

DGPy: B=0, G(,-)=
DGP;: B=u, G(,-)=

L

dxr,(Po,n (W, Y), P1 n(W,Y)) = dgr.(Po,n (W), P1,,,(W)) + dir.(Po,n (YIW), P1 »n(YIW))
= dxr,(Po n(W)

25



the first line uses chain rule of dkp,, the second line uses
dkL(Pon(YIW),P1n(Y[W)) = dkr(Pon(Y), P1n(Y)) = 0.
From Theorem 2.3 (and its proof) in [1],
M = lim dgy (Po,n(W),P1,n(W)) < o0
Hence for large enough n,
drv(Pon(W,Y),P1n(W,Y)) <1 - %GXP(*dKL(Po,n(W,Y),Pl,n(WvY)))
<1- %exp(—M).

Le Cam’s method (Section 15.2.1 in [8]) gives for large enough n,

inf sup Ep, [n(V[F - 7] — V[T — 7])]

V Pncn

>n|Vp, [T — 7] = Vp, [T = 7]|(1 = dov(Pon(W,Y),P1n(W,Y)))
>eexp(—M)/2,

in the last line we used Theorem 2 (1) to get nVp, ([T — 7] —nVp, [T — 7] = (1 + o(1)).

SA-7.2.2 Proof of Lemma SA-2

The following discussions will be organized according to the three different cases: (1) When § < 1.
(2) When 5 > 1, m concentrates around 0. (3) When S > 1 and m concentrates around two
symmetric locations wy > 0 and w_ < 0 with |wy|= |w_]|.

We have required B\ € [0,1]. For analysis, consider an unrestricted pseud-likelihood estimator,

By = arg max(8; W),
UR = &g

where [(3; W) is the pseudo log-likelihood given by
1 1
(B; W) = Ez[:] logPs (W; | W_;) = Ez[:] —log <2Witanh(ﬁmi) + 2).

We show that [(5; W) is concave.

1w (n! > iz W)W, i sech®(Bn~ 12]7&1 i)
*m’ W) == ) i anh(An- S W)t

:—ii( ZW) —tanh(Bn~' > W),

J#i J#i
and
1@ 2 (B~ w,
(B; W) = Z( ZW) sech <n2m>>0
o1 \" i
Hence [(-; W) is concave everywhere in R. This shows B= min{maX{B\UR, 0},1}. Now we study
limiting distribution of By
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1. High and critical temperature regime.

To obtain a more precise distribution for BUR’ we use Fermat’s condition to obtain that
I~ (1 ~
0= ﬁ Z g Z Wj WZ' — tanh BURTL Z Wj
i=1 J#1 J#i

" : ~ ~ BuR Wi
_! (m - VVZ) <VVZ — tanh(Bypm) + sechz(ﬁURm)ﬂUL + O(n_2)>
n
i=1

~

= % 2 (m - V:f) <(1 + sech2(§URm)6

BUR (3 21y _n-1 5 -2
= |1+ —sech il tanh
< + -~ sec (Burm) || n ——mtan (Buyrm) + O(n"")m,

nR> Wi — tanh(BUR172) + O(n_2)>

n

here O(:)’s are all up to an absolute constant. By Lemma SA-4 with X; = 1, we can show
E[|(nm)~t] < cn~ /2. By Markov inequality, (nm)~' = Op(n~/2). Taylor expanding tanh, we
have

~ n 1
fur (n—1)m o (m nm>

oo (b N LY
C(n—1)m T m T3\ m " m

1 m2 _
3+ 5 +O0p(n"), (SA-16)

where in the above equation, both O(-) and Op(-) are up to absolute constants. The rest of the
results are given according to the different temperature regimes.
(1) The High Temperature Regime. Using Lemma SA-2 with X; = 1, our result for the high

temperature regime with 8 < 1 implies that n2m 4 N(0, ﬁ) = (1 — B)nm? KN x%(1). Therefore

-1

nm

we conclude that - L5 4 x2(1). The conclusion then follows from B = min{max{BUR, 0},1}.
UR

(2) The Critical Temperature Regime. Using Lemma SA-2 with X; = 1, we have dkg (nim, W) =
N L d 2 . >
o(1). This implies nz (Bur — 1) — Law(% - Wig) Since Wo = Op(1), P(Byr < 0) = o(1). The
conclusion then follows from # = min{max{SyR,0},1}.

2. The low temperature regime.

When m concentrates around 74 and m_ we have when m > 0, use the fact that 7, = tanh(5m,) for
Ce{+,—},
(1 —O(n=1))(m — tanh(Bm))
m sech?(Bm)
B (1—0(n=Y) ((m — m;) — (tanh(Bm) — tanh(Bmy)))
Ty (sechz(ﬁm) — 2(m — mp) tanh(Bm,) sech?(Bm) + O(m — m0)?) (1 + %)
+ mO(6%) + O(n™h)

(1 — Bsech®(Bmy))(m — mp)
7 sech?(Bmy)

Bup — B = +mO(6?) +O(n™ 1)

=(1-0(mn1h) (14 0O(m —mp)) + mO(6*) + O(n™1).
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and the similar argument gives

1 — B*sech?(B*my)

-1
Gy =)+ O )

m(Byp — B*) =

The conclusion then Lemma SA-3 (3) and the convergence of m to m4 or m_.

SA-7.2.3 Proof of Lemma SA-3

Again we consider the unrestricted PMLE given by

BUR = arg max [(8; W),
BER

where [(3; W) is the pseudo log-likelihood given by
1(3; W) = Z log Ps (W; | W_;) = Z —log <;Witanh(ﬁmi) + ;)
i€n] 1€[n]
For 5 € [0,1], that is ¢ = v/n(8 — 1) < 0, Equation (SA-16) and the approximation of m by
n=12Z + n=1/*W, from Lemma SA-4 gives
sup sup|P(1 — B <t)— P(z[;i — —zgn <t)|=o(1).
Bel0,1] teR ' ’

The conclusion follows from the fact that z — max{min{z,0},1} is 1-Lipschitz.

SA-7.3 Proofs for Section SA-4
SA-7.3.1 Preliminary Lemmas

Lemma SA-1. Suppose m = E[W;] where W = (W;)1<i<p, takes value in {—1,1}" and

1 n
P(W=w)=_exp gZWinJthWi ., B=1,h=0.
=1

1<J
Suppose either h #0 or h = 0,0 < 3 <1 holds. Then m = tanh(B87 + h) +O(n™1).

Proof. First, if h = 0, then 7 = tanh(87 + h) = 0. Now, consider 7w # 0. Using concentration of
m = %Z?:l W; towards 7 from Lemma SA-3,

7w = E[E[W;|W_;]] = E[tanh(8m; + h)]

=E[tanh(87 + h) + sech? (87 + h)(m; — 7) — sech?(Bm* + h) tanh(Bm* + h)(m; — 7)?]

=tanh(B7 + h) + O(n™1).

Lemma SA-2. Suppose Assumption 1, and Assumption 2, 8 hold. Then (1)

= Oy, (n7751) + Oy, (N; /7).

i
— =7

N;

max
i€[n]

28



(2) Define A(U) = (G(U;,Uj))1<ij<n. Condition on U such that A(U) € A = {A € R™*" :
mie ) Y254 Aij > 32logn}, for large enough n, for each i € [n] and t > 0,

M;

P (‘N - w‘ > AE[N;[U| Y2412 4 € o tPon U) < 2exp(—t) +n~%,
%

where Cgp, is some constant that only depends on 3, h.
(3) When h =0, and 8 € [0,1], then there exists a constant K that does not depend on (3, such
that for large enough n, for each i € [n] and t > 0,
M; —1/2,1/2 r
P ~ 7 > 4E[N;|U] /% +Kn TAE
i

U) < 2exp(—t) +n"%,

Proof. Take U,, to be a random variable with density

exp <—%u2 + nlog cosh (ﬁu + h>>
75 exp (—%zﬁ + nlog cosh <\/§v + h>> dv

Condition on U,, W;’s are i.i.d. Decompose by

fu, (u) =

M; Eij
N = > ~ (Wi = E[W;|Un]) + E[W;|U,] — 7.
! g

Condition on U,, W;’s are i.i.d. Berry-Esseen theorem condition on U,, and E gives,

P(% < t‘E) - IP’( ”(]lé")z te(Uy) < t‘E)‘ = O(n"3), (SA-17)

7 7

sup
teR

where e(U,,) := E[W;|U,,] -7 = tanh(y/S/nU,+h)—mr, and v(U,) := V[W;—x|U,]. By McDiarmid’s
inequality,

E;; B
P15 32 (07 - B U] [ 287 %

E> < 2exp(—t?).
JFi

Plugging into Equation (SA-17), we can show (1) holds.
Next, we want to show condition on U such that A(U) € A, P(N; < E[N;|U]/3|U) < n~100;
Notice that for any U such that p, min;cp, >, Aij(U) — oo, Condition on A such that
A e A, By = pAijuj, 1 < i < j < n are iid Bernouli random variables, and for each i, j,
Zk#’j Ag; > 32logn — 1 > 3llogn for n > 3. By bounded difference inequality, for all ¢ > 0,

P( D Eii— ) pndii| Zpn [ A?,;) < 2exp(-2t%).
k#i,j

ki, k#i,j
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Hence condition on A, with probability at least 1 — n =190,

Y Bz Y paAri—8Vlognpy | Y AL Zpu Y A —8Vlognpa [ A
k#i,j k#i,j k#i,j k#i,5 k4,5

> pn Z A Z Ayi — 84/logn

k#i,j k#i.g
>pn [ D Ak | D Aw—8 3171 Y Ay
k#i,j k#i,j ki,
31
> pn Y Ay/3> - logn, (SA-18)
k#i,j

and since ppA;; = E[E;|U] € [0,1], >, ;s Ex; + 1 > E[Nj|A]/3. By Equation SA-18, condition
on U such that A(U) € A, P(N; < E[V;|U]/3|U) < n~1%.
Hence we can disintegrate over the distribution of E to get

P>+ W —EW;[Un]) > 4E[N;|U] 712U | < 2exp(—t%) +n 1%,
gt

By Equation SA-7 and Lemma SA-2; and the Lipschitzness of tanh that
E[WilUp] — 7 = Oy, , (n7Fen) .

Plugging into Equation (SA-17), we can show (2) holds.

Under the setting of (3), the only part that depends on § in our proof is U,. Since we show in
Lemma SA-2 ||U,, ||y, < Kn'/* for some absolute constant K, which is essentially the 8 = 1 rate, the
conclusion of (3) then follows. O

SA-7.3.2 Proof of Lemma SA-1

Since we use the conditional probability p; in the inverse probability weight, we have

_ 1<~ [TY, (1-T)Y,
E[Tn,UBKfi)iE[n]’E] = n ZE[ i - ( 1 _p). (fl)ze[n]aE:|
i=1 v v
1 ¢ TY; (1-T)Y; ” ]
- — EE - T—i7 iinvE iinaEa
n; [ {pz’ - (fi)iem) (fi)iem)

and the conclusion follows from E[T;| T, (fi)icn), E] = pi-

SA-7.3.3 Proof of Lemma SA-2

First consider the treatment part.

n n

nn Y g (L) = 0 Y g (Lm) b Y T P (1.

i Pi i=1 -1 Pi
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For the second term, taylor expand p?l, p; as follows:

— 171'—2h)
n
2
_171'—2h) 2 (mi—n_lﬂ) 1eXp( 52)452( n—lﬂ) ,
n 2 n

where £ is some random quantity that lies between 4% > 2 Wj and 4% Zj 24T Taking the pa-
rameters ¢; = g; (1,7) (1 + exp(—287 — 2h)), d* = (1 — tanh(B7 + h))E[g;(1, 7)]. Then

pl_l =1+exp(—20m; —2h) =1+ exp (_2571
(SA-19)

— exp (—25n

—3ag,h . E_pl
n= Z —gi (1,m)

i=1 !
(zl)n_aﬁ’h Z(E —pi)gi (1,7) (14 exp (=287 — 2h) — exp (=267 — 2h) 23(m; — 7))
=1
+ Oyp g e(n”70")

Er=250 37 (T3 = pi) + Oy el (log m) /250

i=1
@) —agn & + | 1 B 2B exp(26m + 2h) o
=n ; @ [ " 14exp(=281 —2h) (14 exp(287 +2h))2 (m; — )
+ Owﬁ,th((lOg n)l/QTL—rB’h)
n +
—p 26k z; % (W; — tanh(B7 + h))
_ " 28 exp(208m + 2h) e
B - | r8,h
" Z_: (1 +6Xp(257r+2h ZC m +O¢ﬁhtc(( Ogn) n )

Dnmean 3 [gi (1,7) + (¢f /2 = ) (Wi = )] + Oy ael(log ) /200,
1=1

Proof of (1): By Lemma SA-3, m — 7 = Oy, , (n"7%"). The claim follows from Equation SA-19
and a union bound argument.

Proof of (2):

n=20n > (T; = pi)gi(1, ) (mi — ) :%( m = m)nn Y (Wi — tanh(8m + h))gi(1, )
i=1 =1
O(n~251),

By Lemma SA-3,

m—m= Owﬁyh’tc(nfrﬁvh).
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Taylor expand tanh(x) at x = 7 + h, we have
n= 28 Zgi(l, ) (W; — tanh(Bm + h))
i=1

=n " 26h Z gi(1,7)(W; — tanh(Bm + h) — Bsech?(Bm + h)(m — 7) 4 tanh(B7 + h) sech?(Bm + h)(m — m)?
i=1

+0((m —7)*))
:Owﬂ,h,tc(l)'

hence

n

n"2n > (T} — pi)gi(1,m)(mi — ) = Oy, , te((logn)/2n75n).
i=1

Proof of (3): The first line follows from a Taylor expansion of p; = (1 + exp(28m; + 2h))~! at

7, and m; — 1 = Oy, , (n77%"), noticing that ¢;, ||¢)"|| are bounded. The second line follows by
reordering the terms.

Proof of (4): By Lemma SA-1, tanh(87+h) = 7+ O(n~1). By boundedness and i.i.d of g;(1,7),
%Z#i c; =¢+0Mn"') =Ele] + Op(n~'/?) + O(n™"). Similarly, for the control part, taking the
parameters ¢; = g; (—1,7) (1 + exp(267 + 2h)), d~ = B(1 — tanh(—p7 — h))E[g;(—1, 7)].

n

1-1T;
S =TSR

it
=—n"0 Y g1, m) 0> (¢ /2= d7)(Wi — 7) + Oy, , se((logn) /2=,
=1 i=1

Using Lemma SA-1 again, we can show (1+exp(—287—2h))/2 =1/7+O0(n"1) and (1+exp(267+
2h))/2 =1/(1—7)+O(n~1), tanh(—Br —h) = —7+O(n~1). The result then follows from replacing
these quantities in c;r, ¢; ,dt,d” by corresponding ones using 7.

SA-7.3.4 Proof of Lemma SA-3

We decompose by Ag o = Ag o1 + Ag oo, where

n

T; — Elpi M;
Agoy =n"" Z u ]Qé(laﬂ) < - 7T> ;

= Ebi Ni
—a —1 -1 ?
Agoo =n"2" Zsz (p; " —E[p]™") gi(1,7) (M - 7T> .
1=
Notice that the first term is a quadractic form. Define H such that H;; = %. Then Ag o1 =

n~2.h (W —m)TH(W —7). Take U, to be the latent variable from Lemma SA-1. Then we decompose

Noo1=2N221a+D221p+D221c+N2214,

IR ]
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where

A9o1a=n"2"W —E[W|U,)TH(W — E[W|U,]),
Ago1p =n 20 (E[WI|U,] — m)TH(W — E[W|U,]),
Ao21.c=n"2"(W —E[W|U,)) TH(E[W|U,] — 7),
Ago1q=n"2"E[W|U,] — 7)THE[W]|U,] — 7).

Since |H|2 < [|H||r < £/n(min, N;)~1/2, we can apply Hanson-Wright inequality conditional on
Un, E,

Aos10 = Oy, (n2725 (min N;)~1/2).
(A

Since g}(1,7)’s are independent to W;, by Lemma SA-3,

n

n_26.h Z(Wl —m)gi(1,m) = Oyg p 1e(1).

i=1
By Equation SA-7, Lipschitzness of tanh and Lemma SA-2, E[W;|U,] — 7 = Oy, , (n775"), hence

— T; — E[pj]

Ao o1 = (E[W;|Uy] — m)n— 260 Epi] 9i(1,m) = Oy te <(log n)f”%*ﬂh) )

i=1

E[W;|Un] - M;
A Zilen] 7 7 —agn (1, e
|A221.c] = 2Efpi] E gi(1,m) N,
ean [ E[WilUn] — M;
B (L 1 71 . I
N 2E[p;] 1361% N; i

= Ousste (10g”?éﬁle[Ni|U]_l/2> + Oy te(n 7750,

The bound for Ay 5 1 4 follows from the definition of H and U,,

A2,2,1,d = nrﬂ,h (tanh <\/§Un + h) — E |tanh (\/EUn + h)

SA-7.3.5 Proof of Lemma SA-4
Take U,, to be the latent variable given in Lemma SA-1. We further decompose by

2
) = Oi[’ﬁ,»y (n_rﬁ’h ) .

2

n
B . B
Dogi=n~nY 291(2)(1, )| D Wi—m) | =Dogra+Dazis+Aosie,

i=1 g "
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where 1} is some value between 7 and M;/N;, and

2
_ —a — 1 (2) * Eij
Ag31,0=n""" Z 59 (L,n7) Z N, (W; —E[W;|Ua]) |
i=1 J#i
Aosip—n—25n S L@ e i tw, —mw, ) | &0
2’3,171)*” ’ 2591 ( 7777,) Z N ( J [ ]‘ n]) ( [ ]‘ n]_ﬂ-)7
i=1 j#i !

|
Dgge=n"" 3" g (L) (E[W;|Ua] - 7)°.
i=1

Part I: A273717c.
E[W;|U,, U] = tanh ﬁUn + h ), hence E[W;|U,] — 7 = O n~T8r) and (E[W;|U,| — 7r)2 =
n ¥a,h

prﬁ . /Q(n_hﬁvh). It then follows from boundness of gl@) (1,7n) that

A2,3,1,C = prﬂ h/2 (n_rﬂ’h)'

Part II: A2,3,1,b-

N;

Condition on U,,, W;’s are i.i.d. By Mc-Diarmid inequality conditional on U, for each ) i (W;—

E[W;|Uy,]) and using a union bound over i € [n], for all i € [n], for all ¢t > 0,

P <|A2,3,1,b| > 2max Nfl/2”rﬁ’h|E[Wj|Un] — 7|Vt
7

Un7E> < 2nexp(—t).
The tails for n*8.»(E[W;|U,] — m) are also controlled,

P (nrﬁ’h IE[W;|U,] — 71| > Cip(log n)l/PB,h) <n 12
Integrate over the distribution of U, and using a union bound, for large n, for all ¢ > 0,

P <|A2,3,1,b|2 20/37]1 max Ni_1/2t1/Pﬁ,h
7

E) < 2nexp(—t) + C’@hn_lp.

By Equation SA-18, condition on U such that A(U) € A, P(N; < E[N;|U]/3|U) < n~ 1%, Hence
for such U,

P <|A2,3,1,b|2 4Cg 1, max E[N;|U]~/2¢1/Ps.n
7

U> < 2nexp(—t) + 0,37;171_1/2.

In other words, conditional on U s.t. A(U) € A,

No31p = O"L’B,hytc<m?‘XE[Ni’U]_l/Q).

Part III: A273717a.
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For notational simplicity, we will denote

2
A= 2o | 3 5L (0w, ~ BIW|U,))
it
2
-0 (%) S Rws-Ewi | —row.vn,
JFT

and since we assume g;(¢,-) is C* for £ € {—1,1}, we know 6(¢,-) is C? for £ € {—1,1}. Then we
can decompose Ag 314 — E[A2314|E] as

n n

Ag31a—E[Ag316E] =n 2" Y (A — E[Ai|Up, E]) + n 2" Y (E[Ai|Un, E] — E[A|E]).
i=1 =1

where F' is a function that possibly depends on 5(U) and E.

First part of Ay 31 ,: The first two terms have a quadratic form in W; —E[W}|U,], except for
the term 6(M;/N;). We will handle it via a generalized version of Hanson-Wright inequality. Fix
U,, and E, consider

2

_ 1 (M Ei;
W) =n 1/2259 <N> > N7 (W, — E[W;|U,.])
i=1 ! !

J#

Denoting by D, H the partial derivative of H w.r.p to W}, and Dy, ; the mixed partials, then

2

pur(w) =n > Lo (S0) B (5 B - v,

i#k jF#i

+nl/229< ) Z;E\Z(Wj—la[wjyun]) ?V’f

i1#£k e

Since we have assumed f is at least 4-times continuously differentiable, we can apply standard
concentration inequalities for } . ; & ” L (W — E[W;[Uy]) to get

[E[DxH(W)|Un, )< 02" By N, 2,
=1

Hence the gradient of H is bounded by

n n 2
[EDHW)|U, B3> 0! (z EikN;?)/?)
1

i=1

N zEmN DIPIE: L=

J1=1j2#51 Jl ]2

H

A2
<m~‘lez N; .
~ min; NZ-?’
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Moreover, the mix partials are

2
Dy H(W) =n""2% " 0" (N) > N? (W = E[W;|Un]) ]$2 :
ikl g g ¢

e M; E;j EiEy
L <N> 2| D2 S0 — EW;|U))
i1 i i i

v () Eut

N;

~

Hence || Dy H(W)|joo Sn /2300 E’]’\ﬁ” Hence

n n

HHHF”F”OO Skzz ( 71/22 zkEzl> < -l Z Z ]]5\;11 Z Eik Z 12k 1 ziizlj\;

11=1 i1=11=1 "~ "' k=1 Ni, ia=1

Moreover, since HF' is symmetric,

. "~ EyE; max; N;
HF <|||HF A Pl i Ve i Rl
1A Pl < VLl € g S 32 F € 0200
Hence by Theorem 3 from [4], for all ¢t > 0,
n
IP( n~2N (A - E[A,»\un,E])’ >t Un,E)
i=1
- , 2 ¢
= €Xp | —emin max; N? max; N; n—1/2max; Ny N;
min; Nf’ min; NZ? min; N

By Equation SA-18 and a similar argument for upper bound, for each ¢ € [n], conditional on U

such that A(U) € A, with probability at least 1 —n =1 E[N;|U]/2 < N; < 2E[N;]. Hence for each
>0,

'

that is

n’lﬂzn:(Ai — E[4;|U,,, E])

=1

> 8max E[N;|U]~Y2Vt + 8Cs ,n~ 2t

U) <exp(—t)

+ n*99,

=2 3 (Ai = E[A|Un, E]) = Oy o (372 max B[N U] 7/2) 4 Oy (n™12) . (3A-20)
1=1

Second part of As3j,: Next, we will show n!72s4 (E[A;|U, U, E] — E[A;|E]), is small.
There exists a function F' that possibly depends on 8 and E such that

2

1 /M, E;;
FOW.U) = 30 () | 3 520 ~ B 1u.)
i
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Define p(u) = P(W; = 1|U, U). Then

E[A;|U =, U,E| =E[F(W,U)|U =u] = Hp(u)wl(l — p(u)) TV F(w, ).
we{—-1,1}n =1

Using chain rule and product rule for derivatives,

OuE [A;|U = u, U]

= > [Z [T p(uw) s (@ = p(u)' = (F((W_i,wy = 1),u) = F((w_,w; = —1),u))
we{-1,1}7 L I=1 s#l

n

+ [Tp(w) (1 = p(w)' = 0. F (w, u)

i=1

P (u)

:ZEW_Z [F(W_i, W =1),u) = F(W_;, W) = —1),u)] p'(u) + Ew [0uF (W, u)] p'(u)

_ZOP < 1 Ezl> Hp/Hoo +Op (\/%’plnoo) Hp/Hoo — O[p((nNi)io'E)),

where in the last line, we have used

2
Ey E;; E;; E
| Dy, F(w,u) | H9’Hoo7N (} N?(WjE[WjU,U])) + 10l o E N?(WG—E[WJ‘IU,U]) N
C\g# " g#i ‘

10uF (W, 1) [ S 110]l0o 1P 1o | N? (W; = E[W;|U,0])|,
g

and that fact that ||p'||cc = O((28/n)%5) and Hoeffiding’s inequality for Z#l - (W; = E[W;|Uy]),
|0, [F(w,Up)|Up = u,E]| <E[|0,F(w,U,)||Up = u] = O <n—1/2 min N;W) .

Since U,, = Owﬁ,h(naﬁ’hflﬂ), we have

n
=03 (B[A]Un, U] - E[A]U]) = Oy, <n1_aﬁ*hn_1/2 min N;lﬂnaﬁ«h_lﬂ)
i=1 v

= Owﬁ,h <m1n Ni1/2> . (SA—Q].)

Combining Equations SA-20 and SA-21, conditional on U such that A(U) € A,

7S = BLAJE] = sy (350 maxBINIUT ) 4 Oy (1)
i=1

+ Oy te <maXE[N] 1/2>

Combining the bounds for As31.4,A231p, A23.1,, we get the desired result.
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SA-7.3.6 Proof of Lemma SA-5
Recall

n

a 1LW; — E[W;|W_,] M; / M

First, we will consider the effect of fluctuation of p; and E[W;|W_;]. Recall
E[W;|W _;] = tanh (8m; + k), p; = (1 +exp (—28m; —2h)) .
It follows from the boundeness of Sm; + h, m; — 7 = Oy, , (n7#") that for each i € [n],

Wi — E[W;|W _j] Wi —m _
—9 9) oY)
pi 7T+ 1 + wﬁ,h(n )

Moreover for some 7} between M;/N; and =, using Lemma SA-2 we have

M; M;

1 . : 2 ~ _
:§9§/(1777¢) (l - 7T> - prﬁ,h/%tc(n 2r6’h) + OTﬁl,tC(Ni 1)'

Using a union bound over ¢ and an argument for the product of two terms with bounded Orlicz
norm with tail control, we have

n

—_a Wl — T MZ Ml
A2’3’2 =n_on Z m+1 |:g’b <17N> _91(177T) _92(1771-) <N _7T>:|

i=1 v

+ prﬁ,h/%tc((log n)_l/pﬁ’hn_Qrﬁ’h) + Owl,tc((log n)_l/Pﬁah N;l).

Next, we will show n=28.» 3~ Vﬁr—f [gi <1= %j) —gi(1,m) —gi(1,m) (1‘]\4,: — W)} is small. Suppose
gi(1,-) is p-times continuously differentiable. Define

—a - WZ' — T Mi p
op=mn B’hZT_{_lgz@) (1,7) <N7T> .
i=1 !

We will use the conditioning strategy to analyse d,: Decompse by

5p:5p,1+5,2+(5,3,

with
B "W - E[Wi|U,] ) M; P
— ag,h E P S S B \ _ W
- Zn EWilUp] =7 () M; W g
= ag,h \ _ .
5]),2 n o T + 1 gz (1,7‘(‘) Nz E[ Z|Un] )
5 —n*aﬂhfji”i_” O (2 gwu,) - (M=)
p,3 — P T+1 9; ) : 1|Yn N7, .
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First, we will show §, 2 and 6, 3 are small. By Hoeffding inequality, M;/N;—E[W;|U,] = Oy, (Ni_l/Q).
Moreover, E[W;|Up] — 7 = Oy, , (n"7"). Hence

5p72 = Owﬁ,hvtc(m’?x Nzil/z)

For 0,3, we have
M; PoM; P M; o\
(3 -Emiu) - (5 -n) =p(F-€) @wiv-n).

where £* is some quantity between E[W;|U,] and 7. Since z +— zP~! is either monotone or convex
and none-negative, condition on E,

p—1 p—1

M; M; M; P
Tt g < v : v
'Ni ¢ _maX{|Ni E[W;|U,] N, T }
_p-l
= pr/a h (ni(pil)rﬁ’h) + Ol/) 2 (Nz 2).
=1 p—1

Combining with boundedness of gl(p )(1, m) and tail control of E[W;|U,], we have

1 1
0p3 = Oy, <(logn)‘°f’vh n(pl)rﬁ’h> + Oy , ((log")PB’h N; E > ‘
p—1

p—1

For 0,1, we will again use the generalized version of Hanson-Wright inequality. For each k € [n],

. W; — E[W;|U,, M; =1 g
OOp1 =n"26h § : 774[_ : | ]gl@)(l,w)p (N' — ]E[WJUM) 7
ik % %

M, p
g (1m) (N’“ - E[Wiun]> .
k
Hence condition on E,
IE[VSpa]ll = O (n1/2_aﬁ,hN;(p71)/2) '

Taking mixed partials w.r.p d,1 and using boundedness of g(p )

., we have

EiEqy Ey, Eu
||akal5p,l||oo S_, niaﬁ‘h Z — + nfaﬁ,hi + niaﬁyhi‘
itk Ny Ng

It follows that

_ max; N? 1/2
wmw%mwmswmw%MMMsmﬂ%w@m@é) -

It then follows from Equation SA-18 and Theorem 3 in [4] that conditional on U such that A(U) €
A,

3\ 1/2
St — Eldpa E] = O e </ (s EGIUP ) |
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Trade-off Between Smoothness of g¢;(1,-) and Sparsity of Graph Assume g;(1,) is p + 1-
times continuously differentiable. Then by the decomposition of Aj 32, condition on U such that
A(U) e A,

Ag 39— E[Ag34|E]

n

p (p+1) * p+1 (p+1) * p+1
_ Y. (1,¢) [ M; Y. (1,&) ([ M;
— _ ag,h v v -/t _ A S LA .
?:2: o — E[6i[E] + n ;_1 i) (Ni 77) ) -

+ 04, picl(logn) VP 250) 1 Oy, o((log n) /P50 (min B[N U]) 7).

E

Then by the concentration of M;/N; — 7 given in Lemma SA-2, we have

Ag 39 — E[Ag39|E]

=0y, , 2te((l0g n) " HRERR 200 ) 4 Oy ie((log ) ~H/PA! (min E[N;[U]) )
3\ 1/2
1/2—ag, max; E[N;|U] s, : ArT—(p+1)/2
+ O¢17tc <n il <miniE[Ni|U]4 + 01/12/<P+1)vt0 n ﬁh(InZ.lnE[Nl|U] P ) .

SA-7.3.7 Proof of Lemma SA-6
For notational simplicity, denote p = % S Tiand p = %tanh(ﬁw +h)+ % = %7‘(‘ + % Then

o~

12”:TY 12":1&1@_ 12":@1@,3_;)
ni:l p ni:l ni:l p

p p
Taylor expand z — tanh(fBx + h) at = 7, we have

2(p — p) =m — tanh(Bm + h)
=7 +m — m — tanh(Bm + h) — Bsech?(Br + h)(m — 7) + O((m — 7)?)
—=(1 — Bsech?(Br + h))(m — 7)) + O((m — 7)?),

where O(+) is up to a universal constant. Together with concentration of 2 > | T;Y; towards pE[Y]],
we have

n n
Y, 1 T;Y; 1—5(1—71’2) M; 9
) ) S E[Yi(1, 2-0)] + Oy, (n=200),

SA-7.3.8 Proof of Lemma SA-7

By Lemma SA-2 to Lemma SA-6, we show

nEB.h (,’r\n _ Tn) (SA—22)
=n"25n 3" (R; — E[R;] + b)) (W; — ) + ¢, (SA-23)
=1
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M;

i (L, (=1, &+
where R; = ! (1—5-:1) ! (1_WNZ ), and b; = Zj# Bis g % (1,7), and € is such that condition on U such
A” > 3210g n},

that A(U) € A = {A € R™" : minjcy 3

JF

€= O¢1 te (bgnm?}]([E[N |U] 1/2> + O¢1,tc(\/@n_rﬁvh)
€ln

.. (max; E[N;[U3\ /2 e _

Following the strategy as in the proof of Theorem 4 in [6], we will show b; is close to R;: First,
decompose by

Eij
N] g;(laﬂ-) - Rl
J#i
Eij g ij / ij /
- g(luﬂ)—i_ 9(177r)_Rz
%;Z %:j nE[G(Ui, Uj)|U;]™ ; nE[G(U;, U;)|U;]™
By Equation SA-18, condition on U such that A(U) € A,
’Z Eij g Z E;; g;(1,m)|< Cn~1/2
P = nE[G(U:, Uy)|Uj)

with probability at least 1 — n™%.

Moreover, ngg(l,ﬂ’),j # ¢ are i.i.d condition on
Us, hence -1, spamtmymry 9y (1 ™) — Ri = Oy (E[G(Us, Up)|[Uj] /%) = Oy, (BIN;|X]7H2). Tt

follows that conditional on U such that A(U) € A,

max\Z P g 1.m) - Ril= 0y, te(max B[N U] ~1/2). (SA-25)
J#i

Again using the conditional i.i.d decomposition, Hoeffiding inequality and U,’s concentration for
the two terms respectively,

e, o E;;
n=2en Y g5(1,m) — Ri|(W; — )]
i=1 j#i 7

e, o Ei;
<n=n Y 2g;(1,m) — Ri| (Wi — E[W;|Uy])|
i=1 j#i I
+ nTor | E[W;|U, ]—ﬂmaX]Z f(1,7) — Ry
J# ]
=0y, (n2~**" max E[N[U] /) + Oy, se((log n) /2 max B[N, U] ~/2) = &'

Hence denote the term of stochastic linearization by G, i.e.

n

Gn=n"2"> (R — E[R;] + Qi) (Wi — 7).

i=1
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Since R; — E[R;] + Q;’s are i.i.d independent to W;’s with bounded third moment, we know from
Lemma SA-3 that G, can be approximated by either a Gaussian or non-Gaussian law, that is order
1, this gives

supP (7, — 7,|U) <t) — P(G,, < t|U)
teR

<supminP (G, <t+u) —P(G, <t)+Pe+e >u)
teR u>0

SsupmigIP’(Gngt—l—u)—IP’(GnSt—i—u)—i—IP’(a—&—s/Zu)—i—IP’(tSGnSt—i—u)
teR u>

<O(n™ %) + m>i{)1 exp(—(u/r)?) + cu
=0((logn)*r(U)),
where O(-) does not depend on the value of U and

—n I8k E[N;|U]~1/2 1/2—ag,, (MaXi UV
r(U) =n —i—mlax [N;|U] +n mE[N;[U]4

+ 8 max E[N;|U]~P+H)/2,
1

To analyse the second term, recall E[N;|U] = py, 3, ,; G(U;, Uj). Hence

E [max (BN, [U)) /2 1(A(U) ¢ ﬂ)}

~1/2
—(npa) V2B |max [ 2SO GWLU) | 1(AU) €.)
i\ n&
JF#i
:O(\/logn(npn)*lm),

the last line is because with probability at least 1 — n™%, E = {1g(U;) < %Z#iG(Ui,Uj) <
29(U;),V1 < i < n} happens, and by maximal inequality, max;|g(U;)|~"/%2= Oy, (v/Iogn). And on
{A(U) € A} N E, max;(: Z#iG(Ui,Uj))_I/Q < (32logn/n)~'/2, since we assume G is positive.
By similar argument for the last two terms in r(U), we have

E[r(U)L(A(U) € A)] < 0" + \/log n(np,) /2 + /log nn™ (np,,) ~ 172,

Recall that A = {A(U) : min;  _, ,; A;;(U) > 32logn}. Since }_,,; 4;;(U) ~ Bin(n—1,E[G(X1, X»)]),
we know from Chernoff bound for Binomials and union bound over i that P(A(U) ¢ A) < n=%.
The conclusion then follows.

SA-7.3.9 Proof of Lemma SA-8

Our proof for Lemma SA-2 to Lemma SA-6 relies on the following devices:

(1) Taylor expansion of tanh(-) in the inverse probability weighting for unbiased estimator, and
taylor expansion of Y;(¢, -) at E[T;] for £ € {0,1}. Then the higher order terms are in terms of m —m
and %’ — 7. In Lemma SA-4 (taking X; = 1), we show

||’72Hw1 < Kn71/4’
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and in Lemma SA-2, we show
M; _ _
|57l < Kn ™ K(npn) ™,
7

where K is some constant that does not depend on . This shows for the higher order terms, we
always have

m? = m(1+ op(1)), (Mi/Ni)2 = (M;/N;)(1 + op(1)),

where the op(-) terms does not depend on f3.

(2) Condition i.i.d decomposition based on the de-Finetti’s lemma (Lemma SA-1). Suppose U,
is the latent variable from Lemma SA-1, we use decompositions based on U,: For Lemma SA-3 to
Lemma SA-5, we break down higher order terms in the form

F(W,E) — E[F(W,E)|E]|
—F(W,E) — E[F(W,E)|E,U,] + E[F(W,E)|E,U,] — E[F(W,E)|E].

For the first part F(W, E)—E[F(W, E)|E, U,], we use the conditional i.i.d of W;’s given U,,. For the
second part, we use concentration from Lemma SA-2 that there exists a constant K not depending

on 8 or n, such that ||Uy|ly, < Kn'/* and the effective term Htanh(\/gUn)Hd,1 < Kn~ V4,
In particular, the rate of concentration for conditional i.i.d Berry-Esseen and concentration of
tanh(\/gUn) does not depend on .

By the same proof from Lemma SA-2 to Lemma SA-6, we can show in 7,, — 7,,, the second and
higher order terms in terms of W; — 7 can always be dominated by the first order terms, with a rate
that does not depend on S.

The conclusion then follows from the two devices and the same proof logic of Lemma SA-2 to
Lemma SA-6.

SA-7.4 Proof for Section SA-5

SA-7.4.1 Proof of Lemma SA-1

Define g(U;) = E[G(U;, U;)|Uj], for i # j. Reordering the terms,
11

I ey
Vi n

43



Hence 7'(%) — 7% has the representation given by

T
1 T; M; 1 M; 11-T; M;
- n1/2h (1 Wi) * jz 1/2h ( Nj> +ﬁmhi<1’ﬁi>
M;
T2 Z 1/2 J( N]> (SA-26)
_ 71z<1€lzhi(1’0) . 1/21[«:[hz-(1,0)]) ! (11__1€2h (—1,0) — (1 — 1/2)E[h,~(—1,0)])
+ O o (0™ (npn)72) (SA-27)
- i(hSQO) + 1(— 1/2))(:”‘ ~1/2) + Oy, (" (npn)~2) (SA-28)
- i(fiil/f) + fl(__i/g))(T —1/2) + Oy .. ("} (npn) %) + op(n "), (SA-29)

where the second to last line is due to — 1/21/2( i(1,0)—E[R;(1,0)]) +1 1_11/2(1 —1/2)(hi(—1,0)—

E[hi(—1,0)]) = —2¢; + 25, = 0.
Now we look at b-part. For representation purpose, we look at only the treatment part. The
control part can be analysized by in the same way. Reordering the terms,

:iZT&:;;;Zf/;{hj<1f)§;m>—hj<ﬂ;§>}
2 T X () ()]

i€[n] (@)

Hence T(bi) — 7% has the representation given by
1 T;
b =b J
T(i)—T——g 1/2[h( — )——g h(

J€[n] L€[n] ()

)} . (SA-30)

The analysis follows from a Taylor expansion of ;(1,-). For some §;; between %(.) and 0 for each
’ J (2

Jr s
M; N\, M; 1 M, 2
h](l, N (i)) —h;(1,0) +62h(1,0)<Nj ) o) + 262,2h(1,0)(Nj . o) (SA-31)
1 LM 3
+ 632,2,2h(1,§j,¢)<Nj(i) - 0) ) (SA-32)
where we have used da2hj(1,-) = Oalh(1,-) +¢;] = d2h(1, ).
Part 1: Linear Terms
Elj El]
T Z Z N( ) Z Z
LE[n I I#i LE [n] l;éL
(SA-33)

1 By
— — ) = 2 Ww..

() Z (L)) PT(Z) ¢
N n t€[n] Ll Nj J

- ZEUW,<
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By a decomposition argument,

1 1 1 1 1 1 1 1
- _ = — _ + -

() Z () (%) -1 Z (v) -1 Z (¢)
NP e Ny N L e N (e N

1 E; — Ej, 1 1
T n—1 Z ()N(b)+(n—1)n Z

(v)
el NN el it Nj
_ _1Eij — png(Uj) 1 1
_ 1 1 J J

L€n] #l

Hence

" 1 1 1
S vy 3 o)
= J

Le[n] L;ﬁl N
- E png( Zl 1El]W —3
=(npy) ' L2 ZEUW + ==Ly, (npn)72)
" U, (i) 2,tc
png(U;)? N}
1 Zl:l EleVl
M- N
€lnlutl Y

Condition on Uj, (Ej;W; : 1 # j) arei.i.d mean-zero, hence Bernstein inequality gives - Zl 1E W =
Oy, (/1 pn) + Oy, (n™1), which implies

— E n 3
(npn) % ZEzJWz O ()™ 3) + Oy (mp) 2),

1 Ei ;W
> Z“i(f—ow Ford) 4 04 (7).
Le[n] 1#£l TLN

Putting back into Equation (SA-33),

M; 1 M; E;; _
# — E FJ = —4(5) Wi + Oibl((npn)
7 (i) i) 7 W N;

(NI

).

Looking at contribution from the first order term in Taylor expanding h;(1,-) to T(bi) — 7 in Equa-
tion (SA-30),

28211101/2[ ——Z (L)]

]E[n]
EZ T; 3
=— > % 0>Wf L4 Oy ()73
() 1/2
Je[n]
E T; E;; npng(U;) — N; T}
=—W;,— Oeh(1,0) —E——-L —W;= doh(1,0)— J J —J
Z 2 )npng( Uj)1/2 Z ? )N@ npng(Us)  1/2
Je[n] JE[] J
_3
+O¢1tc((npn) 2)
E;; T; 3
=—W;— h(1,0)———— + O npn) " 2).
]%%] 2 )np ( )1/2 wltc(( 10) )
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Since (E;;Tj/9(U;) : j € [n]) are independent condition on Uj;, standard concentration inequality

gives
M; 1 M;
= Z d2h(1,0) [ -y ]
" je n] 1/2 neam N
E;; T} 3
=-Wi— ;}azh (1, O)W()I/Q + Oypy .o ((npn) " 2)
j€[n
wenols B T :
- Wlth(l,O)n g{:} npng( ) 1/2 + Owl tc((npn) 2)
j
Wi [ Ey 3
= — Ooh(1,0)—E *J Ui]+0 . ((npn) ™ 2).
oh(L0) B | s U] + O (n) )
Since we assumed 02h(1,0) = 02f(1,0) + op(1) = 02 £;(1,0) 4+ op(1) where
M; 1 M,

= Z d2h(1,0) [ e ]

]E[n] 1/2 " 1€[n] Nj O]

Wi [ Eij02f;(1,0) } _3 _
= —B| L= 20+ Oy, (0pn)™2) 4+ op(n™h).

g | B onse (o)) + 0207

Together with the leading term in Equation (SA-30), we have

M 1 M
o> (LT om0 [P LY R )
i€[n] ( 1/2 7 (4) " L€[n] Nj ()

1 M
- — — :| + T(C:) —Ta)
(v)

Bah;(1,0)-L
( Z 2 [Nw) nZNj

1 jez, L€[n]
E;;02f;(1,0) fi(1,0)
22( { png(Uj) UZ}jL 1/2 (E—1/2)>-
i€n] "
Eijanj(LO) . fi(lvo) o n 3\—1 0
(e 22L00 | 4 LD - 172) + 0y () ™) + )
n} ij i\Ls i\l
<] 20,1
Eydrf,(L0)|,] . £(0,0) i
(] Po2B 0] 4 SO - 1/2) | + 00, () ) 4 )

=e  E[SiS, Jeq + Oy, .. ((np) ™) + op(1).

Part 2: Higher Order Terms For the second order terms, first notice that if [ ¢ [n], then

(MJ )2 1 3 <MJ )2

Nj (2) " t€[n] L #l Nj )

1 3 My My O\ My(Ey; - By) — (EyWs
g Niw  Niw

L€n] 1 #l 7 (4)

=004y ((nP1)2),

— ELjWL)Nj + EijELj(WZ' — WL)

(1) A7(®)
N;'N;

o
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where we have used (M;/Nj;), = Ow((npn)_%) and N;l = Oy, ((npy)™Y). If I € [n], then again

O ETIN
Njw/ n Nj )

L€[n],.#l
M; >2 1 3 (Mj )2 1 <Mj )2
<Nj (@) n—1 L€[n] 1 #l Nj (®) (n N 1)n L€[n],.#l Nj (v)
_3
=Oys 1. ((npn)2).
Hence
2 TeM; N2 1 M; N2
ORI (CE IR
i€[n J€E[n L€[n

25 (M V2 s (M ] -

(82,2h(170)n ' TJ |:<N ) n Z (N ) :|) - O"l’Q,tc((nPn) )

q ]EIq J (7,) LE[TL] J (L)

For the third order residual, observe that (% )3 = Oy, ((npn)~3/?). Then

nez[::< g{;ﬂ [amh@ gﬂ)(f ) —Zamh@,g;ﬁb)(%m)s]).
< ]§T[8222h<1 gjl)(f ) —ngﬁ;]azzgh(l,g;b)(J\]%(L))ab

= Oyy . ((n0) 7).
The conclusion then follows from Equations (SA-26), (SA-30) and (SA-31).

SA-7.5 Proof of Lemma SA-2
Define r(x) = (1,2)". Denote m = E[W;] = 2E[T;] — 1. Then
Case 1: <1

First, consider the gram-matrix. Take (; := w/npn(%?—ﬂ). Then 1 < V[¢;] < 1. Take by, = /npnhy.

Take
e S (E)<(8) (2

where r : R — R? is given by r(u) = (1,u)". Take Q to be the probability measure of ¢; given E.
Then

B S ER(E)AQ) [
B._E[Bn!E}—[foombnanlZ;) Q) oG

In particular, Apin(B) 2 1. Now we want to show each entry of

EK(£)dQ(x) }
K (E)dQ(x)

n converge to those of B. Take

F,q(W) = e;Bneq = n% Zn: (lfi)erqK(%), p,q € {0,1}.
n i \bn n

s}
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Denote 0; to be the partial derivative w.r.p to W;. Since K is Lipschitz with bounded support
11 E;;
2 (SA-34)

10 Fp.q( ’wbz Z’ (7_7r>‘56727 — N

Condition on E,

= 11
Fpg(W) = E[Ey o (W)[E] + Oy ( 310,F50(W)I?) = €] Bey + Oy (=7
Jj=1 g

- (23))

1 =1

Hence for all p,q € {0,1},
e;Bneq = e;Beq + Oy, ((nbp) ™).
Since both B,, and B are two by two matrices, ||B,, — Bllop < Oy, ((nbt)™!). By Weyl’s Theorem,

|)‘min(Bn) - )‘min(B)IS ||Bn - BHOp 5 (nbfl)_ (SA‘35)
and together with Apin(B) 2 1, implies Apin(By) 2 1. Take
- - Cz & 2 C@
e e 3o () (8) ()
Hence variance can be bounded by
VAL E, W] =elB,'Z,B, ey < (nb,) ! (SA-36)
VA |E, W] =np,el B, '3, B, le; < (npn)(nb3) = pnbr . (SA-37)
Next, consider the bias term. Since f(1,-) € C?, n = (npn)~1?b,,
M; M; 2
FOM/N) = f(1,m) + 0o f (1) (= 7) + O((F = 7))
M.
= f(Lm) + 0o (1m) (5 =) + Ol(npa) '4).
Hence using the fourth and third lines above respectively,
~ 1 = Cz <7,
EGo[B. W] = e B, [nb Z w()E () (1 M)]
1 & (G Gi G\T 1 T -1
=B | e ()R (5 (2(5) G m 1) + Ol )

nby, P
= f(L,7) + Oy, ((npn)~2),

s W= v [ 3o )07
" oi=1 n n i
npnel B, [1§:r(é)f{(b§n)( (i)T(f(l,w),\/%azf( N+ Oy, ((npn) ))]

= 0af (1, 7) + Oy, (npn)~2),
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Putting together Equations (SA-36) and (SA-38),
~ _1 1 _1 _
Jo =70 = Op((npn) 2 + (nbn)"2), 31 =71 = Op((npn) 2 + puby,”).

Hence any b,, such that b, = Q(n~1/* + ,071/ 3) will make (7p,71) a consistent estimator for (o, ¥1).
For any 0 < p, <1 such that np, — oo, such a sequence b, exists.

Case 2: =1

—1/4 1/2

The order 3% is n if lim inf,, oo np2 > c for some ¢ > 0; and is (np,) =12 if np2 = o(1). We

consider these two cases separately.

Case 2.1: liminf, np% > ¢ for some ¢ >0 Take n; = ni(%? — 7). Take d,, = n/4h,. And
with the same r defined in Case 1,

.= 1 3o (2)(2) k(%) p-zpy

Under the assumption lim inf,, ., np? < ¢ for some ¢ > 0, we have 1 < V[n;] < 1. Hence Apin(D) >
1. To study the convergence between D,, and D, again consider for p,q € {0, 1},

GoaW) = ] Due, = - ; (Y™ R () = i ; (5 =) ™K (h G - ).

Still let U,, be the latent variable from Lemma SA-1, W;’s are independent conditional on U,,. Hence
by similar argument as Equation (SA-34), we can show

Gipg(W) = E[Gpo(W)|Us, E] + Oy, ((nd,) ™).
Moreover, recall we denote by w; € [k] the block unit i belongs to, then
E[Gp,e(W)|Un, E] = Z Hp(Uwi)WS(]‘ — p(Uu))' Vo Gy g (W),
We{-1,1}ni=1
p(U)) = P(W; = 1|Uy) = (tanh(/Be/nU, + he) + 1), i € Z;. Take the derivative term by term,

OEIGy g (W)U Bl = 3 Bw_[Gpy(W; = LIW_,) = Gy (W) = —LW_)}5 (U0
JEL,

Using Lipschitz property of x + (z/h,)PT1K (x/hy,),

n

1 1 E;;
|Gpg(Wj =1, W) = Gpg(Wj = =1, W_)|S 5/4h hf NZ'
Hence for all £ € C,
1 -1 El 1
00, E[Gpg (W)U, BIIS Y 7 e
J€L, o= n
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< nl/%. Together, this gives

~

Moreover, for all £ € €, ||Uy||y,

E[Gy.q(W)|Un, E] — E[Gyq(W)|E] = Op((n'?h7) ") = Op(d;,).

n

Hence if we take d,, > 1 (which implies nd} > 1), then G, ,(W) = E[G), ,(W)|E] +op(1), implying
HDn - DHQ = O[p(l) and Amin(Dn) - Amin(D) = O[p(l), making )\min(Dn) z[p 1. Take

n
i im e S ()e(2) ()
Hence variance can be bounded by
VAL|E, W] = eID,; 'Y, D, ey < (nd,)™?, (SA-39)
VALE, W] = n'2eTD; 'Y, D ter <nl/2(ndd)~t = n_1/2d;3. (SA-40)
By similar argument as in Case 1, assume d,, > 1, we can show

E[o|E] — 70 = O(n Y4 +n~2d%),  E[R|E] — v = O(n~V1d2).

Hence if we choose d,, such that 1 < d,, < n'/®, then (50,71) is a consistent estimator for (yo,71).
The only assumption we made for the existence of such a d,, is liminf, np,% > ¢ for some ¢ > 0.

Case 2.2: np? = o(1) Take n; := , /npn(%? —7), dp, = \/npphy. By similar decomposition based

k3

on latent variables, we can show if np,, — oo as n — oo, then there exists h,, such that (50,71) is a
consistent estimator for (yo,v1).
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